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Devwudfw
D odujh dqg jurzlqj olwhudwxuh rq uhsxwdwlrq lq jdphv exlogv rq wkh lqvljkw wkdw wkh
srvvlelolw| ri rqh ru pruh sod|huv ehlqj rwkhu wkdq ixoo| udwlrqdo fdq kdyh vljql?fdqw
h>hfwv rq htxloleulxp ehkdylru1 Wklv olwhudwxuh ohdyhv xqh{sodlqhg wkh suhvhqfh ri
ehkdylrudo sod|huv lq wkh ?uvw sodfh/ dqg wkh sduwlfxodu irupv ri luudwlrqdolw| dvvxphg1
Lq wklv sdshu zh hqgrjhql}h ghsduwxuhv iurp udwlrqdolw| rq wkh edvlv ri dq hyroxwlrqdu|
vwdelolw| fulwhulrq/ xqghu wkh dvvxpswlrq wkdw udwlrqdo sod|huv lqfxu d frvw zklfk uh hfwv
wkh juhdwhu vrsklvwlfdwlrq ri wkhlu ehkdylru1 Wklv frvw pd| eh duelwudulo| vpdoo1 Zlwklq
wkh frqwh{w ri d uhsxwdwlrqdo prgho ri edujdlqlqj/ zh vkrz wkdw hyroxwlrqdu| vwdelolw|
qhfhvvlwdwhv wkh suhvhqfh ri ehkdylrudo sod|huv/ dqg sodfhv vljql?fdqw uhvwulfwlrqv rq wkh
vhw ri ehkdylrudo w|shv wkdw fdq frh{lvw1 Lw lv frqvlvwhqw/ krzhyhu/ zlwk d eurdg ydulhw|
ri rxwfrphv udqjlqj iurp lpphgldwh djuhhphqw wr frpsohwh vxusoxv glvvlsdwlrq1 Wkh
orqj uxq srsxodwlrq vkduh ri ehkdylrudo w|shv lv juhdwhvw dw vwdwhv lq zklfk vxusoxv
glvvlsdwlrq lv hlwkhu qhjoljleoh ru doprvw frpsohwh1
œGhsduwphqw ri Hfrqrplfv/ Sulqfhwrq Xqlyhuvlw| +gdeuhxCsulqfhwrq1hgx,1
|Ghsduwphqw ri Hfrqrplfv/ Eduqdug Froohjh/ Froxpeld Xqlyhuvlw| +uv65;Cfroxpeld1hgx,1
44 Lqwurgxfwlrq
D odujh dqg jurzlqj olwhudwxuh kdv hphujhg iurp wkh vhplqdo frqwulexwlrqv ri Nuhsv dqg
Zlovrq +4<;5, dqg Plojurp dqg Urehuwv +4<;5, rq uhsxwdwlrq irupdwlrq lq jdphv1 Htxlole0
ulxp ehkdylru lq vxfk prghov riwhq dffrugv pruh forvho| zlwk wkh ehkdylru ri h{shulphqwdo
vxemhfwv dqg lv pruh lqwxlwlyho| dsshdolqj wkdq ehkdylru xqghu frpprq nqrzohgjh ri udwlr0
qdolw|1 Iru lqvwdqfh/ frrshudwlrq fdq rffxu lq prvw shulrgv ri d ?qlwho| uhshdwhg sulvrqhuv*
glohppd +Nuhsv hw do1/ 4<;5,/ hqwu| fdq eh ghwhuuhg lq hduo| shulrgv ri wkh fkdlq vwruh jdph
+Nuhsv dqg Zlovrq/ 4<;5/ Plojurp dqg Urehuwv/ 4<;5,/ dqg h!flhqw rxwfrphv fdq eh ds0
sur{lpdwho| dwwdlqhg lq fhqwlshgh jdphv +PfHoyh| dqg Sdoiuh|/ 4<<5,1 Wkhvh uhvxowv ghshqg
udwkhu fulwlfdoo|/ krzhyhu/ rq wkh qdwxuh ri ghsduwxuhv iurp udwlrqdolw| wkdw duh shuplwwhg
zlwklq wkh prgho1 Iru lqvwdqfh Nuhsv hw do1 +4<;5, frqvlghu d cwlw0iru0wdw* sod|hu lq wkh
lwhudwhg sulvrqhuv* glohppd dqg PfHoyh| dqg Sdoiuh| +4<<5, doorz iru dq dowuxlvwlf w|sh zkr
dozd|v sod|v cdfurvv* lq wkh fhqwlshgh jdph1 Dowhuqdwlyh dvvxpswlrqv uhjduglqj wkh ehkdylru
ri qrq0udwlrqdo w|shv pd| uhvxow lq yhu| gl>huhqw rxwfrphv1 Iru h{dpsoh/ lq wkh frqwh{w
ri uhshdwhg jdphv/ Ixghqehuj dqg Pdvnlq +4<;9, vkrz wkdw dq| ihdvleoh dqg lqglylgxdoo|
udwlrqdo sd|r> sur?oh fdq eh vxssruwhg lq htxloleulxp/ e| d vxlwdeoh fkrlfh ri ehkdylrudo
w|sh1
Lq wklv sdshu/ zh hqgrjhql}h wkh qdwxuh dqg h{whqw ri ghsduwxuhv iurp udwlrqdolw| rq
wkh edvlv ri d surfhvv ri hyroxwlrqdu| vhohfwlrq1 Zh gr vr e| lqwhusuhwlqj wkh suredelolw|
zlwk zklfk d sod|hu lv ri d sduwlfxodu w|sh zlwk wkh vkduh ri vxfk w|shv lq d srsxodwlrq
iurp zklfk wkh sod|huv duh udqgrpo| gudzq1 Wkh frpsrvlwlrq ri wklv srsxodwlrq ghwhuplqhv
wkh ehkdylru ri udwlrqdo sod|huv dqg khqfh wkh h{shfwhg sd|r>v ri udwlrqdo dqg ehkdylrudo
sod|huv ri hdfk w|sh1 Zkhq wkhuh duh sd|r> gl>huhqfhv dfurvv w|shv/ wkh gl>huhqwldo h{huwv
hyroxwlrqdu| suhvvxuh rq wkh srsxodwlrq frpsrvlwlrq lwvhoi1 Dq| orqj0uxq rxwfrph ri wklv
surfhvv ri hyroxwlrqdu| frpshwlwlrq pxvw eh vxfk wkdw doo vxuylylqj w|shv kdyh htxdo sd|r>v1
Vwdeoh srsxodwlrq vwdwhv kdyh wkh dgglwlrqdo surshuw| wkdw vpdoo shuwxuedwlrqv gr qrw uhvxow
lq fxpxodwlyh glyhujhqfh iurp wkh vwdwh1
Zkhq udwlrqdo w|shv fdq frvwohvvo| dqg shuihfwo| plplf dq| ehkdylrudo w|sh/ wkh| pxvw
rewdlq sd|r>v wkdw duh dw ohdvw dv juhdw dv wkh prvw sur?wdeoh ehkdylrudo w|sh1 Lq jhqhudo
wkh sd|r>v ri udwlrqdo sod|huv zloo h{fhhg wkrvh ri wkh prvw sur?wdeoh ehkdylrudo w|sh dw dq|
qrqghjhqhudwh srsxodwlrq frpsrvlwlrq/ lq zklfk fdvh rqo| udwlrqdo sod|huv frxog vxuylyh lq
wkh orqj uxq1 Rq wkh rwkhu kdqg/ zkhq wkh vxffhvvixo lplwdwlrq ri ehkdylrudo w|shv lv qrw
shuihfwo| frvwohvv/ wkh orqj uxq srsxodwlrq frpsrvlwlrq qhhg qrw eh ghjhqhudwh1 Zh doorz iru
wkh srvvlelolw| wkdw udwlrqdo sod|huv lqfxu d frvw wkdw ehkdylrudo w|shv dyrlg/ dqg lqwhusuhw
5wklv frvw dv dulvlqj iurp wkh juhdwhu  h{lelolw|/ vrsklvwlfdwlrq dqg lqirupdwlrq lqwhqvlw| ri
wkhlu ehkdylru1 Lq wklv odwwhu fdvh rqh pd| h{soruh wkh qdwxuh ri wkh srsxodwlrq frpsrvlwlrq
lq hyroxwlrqdu| htxloleulxp1 Wklv lv wkh fhqwudo frqfhuq ri wkh suhvhqw sdshu1
Rxu dqdo|vlv lv frqgxfwhg zlwklq wkh iudphzrun ri d uhfhqw prgho ri edujdlqlqj dqg
uhsxwdwlrq1 Deuhx dqg Jxo +5333, kdyh ghyhorshg d uhsxwdwlrq edvhg wkhru| ri edujdlqlqj
edvhg rq pxowlsoh ehkdylrudo w|shv zkrp udwlrqdo sod|huv pd| fkrrvh wr lplwdwh1 Hdfk
ehkdylrudo w|sh ghpdqgv d sduwlfxodu vkduh ri wkh vxusoxv wr eh glylghg dqg lv xqzloolqj
wr frqfhgh wr dq| ghpdqg wkdw lv lqfrpsdwleoh zlwk wklv vkduh1 Htxloleulxp lq wklv prgho
lv xqltxh +zlwk uhvshfw wr rxwfrphv, dqg lv jhqhudoo| fkdudfwhul}hg e| lqh!flhqw ghod|v1
Wkh xqltxhqhvv ri htxloleulxp lv lwvhoi vljql?fdqw vlqfh dq| glylvlrq ri wkh vxusoxv fdq eh
frqvlvwhqw zlwk htxloleulxp zkhq doo sod|huv duh udwlrqdo1
D ?uvw dqg edvlf uhvxow lv wkdw wkh devhqfh ri ehkdylrudo w|shv lv lqfrpsdwleoh zlwk hyr0
oxwlrqdu| vwdelolw|1 Krzhyhu vpdoo wkh frvw ri rswlpl}dwlrq wkdw udwlrqdo sod|huv lqfxu/ wkhuh
grhv qrw h{lvw dq hyroxwlrqdulo| vwdeoh vwdwh lq zklfk ehkdylrudo w|shv duh hqwluho| devhqw/
zkhuhdv wkhuh gr h{lvw vwdeoh vwdwhv lq zklfk udwlrqdo w|shv duh qrw suhvhqw1 Ixuwkhupruh/
wkh fulwhulrq ri hyroxwlrqdu| vwdelolw| sodfhv vljql?fdqw uhvwulfwlrqv rq wkh vhw ri ehkdylrudo
w|shv wkdw fdq frh{lvw1 Zh vkrz wkdw li d ehkdylrudo w|sh lv suhvhqw dw dq hyroxwlrqdu|
htxloleulxp/ wkhq wkh w|sh zklfk pdnhv wkh frpsohphqwdu| ghpdqg pxvw dovr eh suhvhqw1
Wkxv dq djjuhvvlyh ehkdylrudo w|sh +zkr ghpdqgv pruh wkdq kdoi wkh vxusoxv, pxvw eh frxq0
whuedodqfhg e| d fruuhvsrqglqjo| frqfloldwru| w|sh dw dq| vwdeoh vwdwh1 Wklv lq wxuq lpsolhv
wkdw lw lv lpsrvvleoh iru doo ehkdylrudo w|shv wr eh djjuhvvlyh1
Ghvslwh wkh idfw wkdw hyroxwlrqdu| vwdelolw| vljql?fdqwo| uhvwulfwv wkh vwuxfwxuh ri srsx0
odwlrq vwdwhv/ zh vkrz wkdw lw sodfhv doprvw qr uhvwulfwlrqv rq wkh ghjuhh wr zklfk lqh!flhqw
ghod|v fdq rffxu1 Vwdeoh vwdwhv fdq eh yhu| forvh wr h!flhqw +zlwk doo ehkdylrudo w|shv
ghpdqglqj forvh wr kdoi wkh vxusoxv/ dqg doprvw doo lqwhudfwlrqv uhvxowlqj lq lpphgldwh
djuhhphqw,/ ru wkh| pd| eh yhu| lqh!flhqw +zlwk prvw ehkdylrudo w|shv ghpdqglqj doprvw
wkh hqwluh vxusoxv dqg doprvw doo lqwhudfwlrqv uhvxowlqj lq shushwxdo glvdjuhhphqw,1 Dw vxfk
h{wuhph vwdwhv udwlrqdo sod|huv pd| eh devhqw iurp wkh srsxodwlrq hyhq li wkh frvw ri rswl0
pl}dwlrq lv yhu| vpdoo1 Lq dgglwlrq/ wkhuh w|slfdoo| h{lvw vwdeoh vwdwhv zlwk lqwhuphgldwh ohyhov
ri h!flhqf| lq zklfk ehkdylrudo dqg udwlrqdo sod|huv frh{lvw1 Khqfh hyroxwlrqdu| vwdelolw| lv
frqvlvwhqw zlwk d eurdg ydulhw| ri rxwfrphv udqjlqj iurp qr ghod|v wr dq doprvw frpsohwh
glvvlsdwlrq ri wkh vxusoxv/ dqg zlwk d vljql?fdqw suhvhqfh ru frpsohwh devhqfh ri udwlrqdo
sod|huv1
Rqh lqwhusuhwdwlrq ri ehkdylrudo w|shv lv wkdw wkh| fruuhvsrqg wr lqglylgxdov zkr dgkhuh
6wr sduwlfxodu vrfldo frqyhqwlrqv uhjdugohvv ri zkhwkhu lw lv lq wkhlu hfrqrplf lqwhuhvw wr gr
vr1 Xqghu wklv lqwhusuhwdwlrq/ rxu uhvxowv vxjjhvw wkdw gl>huhqw vrflhwlhv idflqj wkh vdph
remhfwlyh frqglwlrqv pd| hqg xs qrw rqo| zlwk glvwlqfw frqyhqwlrqv exw dovr zlwk vljql?fdqw
gl>huhqfhv lq wkh ghjuhh wr zklfk wkhlu frqyhqwlrqv duh euhdfkhg1 Wkhuh lv d v|vwhpdwlf
dqg qrqprqrwrqlf uhodwlrqvkls ehwzhhq wkh h!flhqf| ri wkh frqyhqwlrqv wkdw hyroyh dqg wkh
vkduh ri wkh srsxodwlrq wkdw dgkhuhv wr wkhp1 Vshfl?fdoo|/ udwlrqdo ehkdylru zloo eh uduhvw
lq vrflhwlhv zlwk frqyhqwlrqv dw hlwkhu h{wuhph ri wkh h!flhqf| vfdoh/ dqg prvw frpprq lq
vrflhwlhv zlwk prghvwo| lqh!flhqw frqyhqwlrqv1
Zh hpskdvl}h wkdw lq rxu dqdo|vlv dq lqglylgxdo*v w|sh lv xqrevhuydeoh dqg fdq rqo| eh
ghgxfhg iurp khu dfwlrqv dorqj wkh htxloleulxp sdwk1 Dv lv zhoo nqrzq/ sod|huv zkr h{klelw
revhuydeoh ghsduwxuhv iurp udwlrqdolw| fdq eh vxffhvvixo xqghu hyroxwlrqdu| frpshwlwlrq
zlwk udwlrqdo sod|huv ehfdxvh wkh| fdq frpplw wr dfwlrqv wkdw lqyroyh clqfuhgleoh* wkuhdwv
ru surplvhv +vhh/ iru lqvwdqfh/ Edqhumhh dqg Zhlexoo/ 4<<8,1 Wkhuh lv qr vxfk srvvlelolw| ri
frpplwphqw xqghu frpsohwh xqrevhuydelolw|/ dqg ehkdylrudo w|shv fdqqrw wkhuhiruh vxuylyh
xqohvv udwlrqdolw| frphv dw d frvw1 Wkh hyroxwlrqdu| lqwhudfwlrq ri ehkdylrudo w|shv zlwk
pruh vrsklvwlfdwhg sod|huv xqghu xqrevhuydelolw| kdv suhylrxvo| ehhq h{dplqhg e| Frqolvn
+4<;3,/ Ghnho dqg Vfrwfkphu +4<<5, dqg Vwdko +4<<6,1 Wkhvh sdshuv gl>hu lq vljql?fdqw
uhvshfwv iurp wkh suhvhqw zrun/ prvw qrwdeo| lq wkh devhqfh ri uhsxwdwlrqdo h>hfwv wkdw
lqgxfh udwlrqdo sod|huv wr lplwdwh ehkdylrudo w|shv1 Jxwwpdq +4<<9, frqvlghuv d uhsxwdwlrqdo
prgho ri wkh ?qlwho| uhshdwhg sulvrqhuv* glohppd lq zklfk d cwlw0iru0wdw* w|sh lqwhudfwv zlwk
udwlrqdo sod|huv/ dqg wkh rswlpl}dwlrq frvw kdv d yduldeoh frpsrqhqw zklfk lqfuhdvhv lq wkh
ohqjwk ri wkh jdph1 Klv zrun gl>huv iurp rxuv lq wkdw klv uhvxowv hqwdlo rswlpl}dwlrq frvwv
zklfk duh vx!flhqwo| odujh> ixuwkhupruh vlqfh kh dvvxphv rqo| d vlqjoh uhsxwdwlrqdo w|sh
wkh lvvxh ri zkdw frq?jxudwlrqv ri uhsxwdwlrqdo w|shv fdq vxuylyh dqg lq zkdw sursruwlrqv/
vlpso| grhv qrw dulvh1
Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghvfulehv wkh htxloleulxp ehkdylru ri udwlr0
qdo sod|huv kroglqj ?{hg wkh frpsrvlwlrq ri wkh srsxodwlrq iurp zklfk sod|huv duh gudzq1
Vhfwlrq 6 wudfhv wkh uhvxowlqj sd|r> lpsolfdwlrqv iru udwlrqdo dqg ehkdylrudo sod|huv ri hdfk
w|sh/ dqg lqwurgxfhv wkh fulwhulrq ri hyroxwlrqdu| vwdelolw| wr eh xvhg lq wkh uhpdlqghu ri
wkh sdshu1 Wkh idfw wkdw hyroxwlrqdu| vwdelolw| qhfhvvlwdwhv wkh suhvhqfh ri ehkdylrudo w|shv
lv vkrzq lq Vhfwlrq 7/ dqg dgglwlrqdo uhvwulfwlrqv rq wkh vhw ri ehkdylrudo w|shv wkdw fdq
fr0h{lvw duh rewdlqhg1 Vhfwlrq 8 frqwdlqv d frpsohwh fkdudfwhul}dwlrq ri vwdeoh vwdwhv lq wkh
fdvh ri wzr ehkdylrudo w|shv/ dqg vkrzv wkh udqjh ri ghpdqgv/ h!flhqf| dqg udwlrqdolw| wkdw
fdq eh frqvlvwhqw zlwk hyroxwlrqdu| vwdelolw|1 Vhfwlrq 9 frqfoxghv1
75 Edujdlqlqj dqg Uhsxwdwlrq lq Htxloleulxp
Frqvlghu wkh iroorzlqj vlpsoh edujdlqlqj lqwhudfwlrq1 D vxusoxv qrupdol}hg wr htxdo rqh xqlw
lv wr eh glylghg dprqj wzr sod|huv1 Dw wlph f wkh sod|huv vlpxowdqhrxvo| dqqrxqfh ghpdqgv
k￿ dqg k￿Ø Li k￿ n k￿ Ø ￿c wkh ghpdqgv duh frpsdwleoh dqg hdfk sod|hu uhfhlyhv d vkduh ri
wkh xqlw vxusoxv wkdw lv sursruwlrqdo wr khu ghpdqg1 Li qrw/ wkhq hlwkhu sod|hu pd| frqfhgh
wr wkh rwkhu*v ghpdqg dw dq| wlph | Ł f surylghg wkdw qhlwkhu sod|hu kdv douhdg| frqfhghg1
Dv vrrq dv d frqfhvvlrq rffxuv wkh jdph hqgv dqg hdfk sod|hu uhfhlyhv wkh glvfrxqwhg ydoxh
ri wkhlu sd|r> dw wkh wlph ri frqfhvvlrq1 Lw lv dvvxphg wkdw erwk sod|huv kdyh wkh vdph udwh
ri wlph suhihuhqfh oØ Sd|r>v duh ghwhuplqhg dv iroorzv= li d vlqjoh sod|hu frqfhghv dw wlph |
wr vrph ghpdqg k￿ wkhq khu rssrqhqw*v glvfrxqwhg sd|r> lv k￿e3o| zkloh khu rzq sd|r> lv
E￿ ￿ k￿￿e3o|1 Li erwk sod|huv frqfhgh vlpxowdqhrxvo| dw wlph |/ wkh frpelqhg sd|r> lv e3o|
dqg wkhlu lqglylgxdo sd|r>v duh lq sursruwlrq wr wkhlu ghpdqgv1
Sod|huv pd| eh hlwkhu udwlrqdo ru ehkdylrudo1 D wd q |s r l q wl qw l p hw k h u hl vd?qlwh vhw
ri ehkdylrudo w|shv ghqrwhg ￿ ’ ik￿cØØØck ?jØ D ehkdylrudo sod|hu ri w|sh ￿ dozd|v ghpdqgv
dv k d u hk￿ 5 ￿ ri wkh vxusoxv/ dffhswv dq| r>hu juhdwhu wkdq ru htxdo wr wklv ghpdqg/ dqg
+shushwxdoo|, uhmhfwv vpdoohu r>huv1 Wkh suredelolw| wkdw dq| jlyhq sod|hu lv ehkdylrudo ri
w|sh ￿ lv ghqrwhg 5￿ : f/d q g5f ’￿ ￿
S?
&’￿ 5& : f lv wkh suredelolw| wkdw wkh sod|hu lv udwlrqdo1
Qrwh wkdw wkhvh suredelolwlhv duh wkh vdph iru erwk sod|huv1 Zh lqwhusuhw wkh suredelolwlhv
dv srsxodwlrq vkduhv ri hdfk w|sh lq d odujh srsxodwlrq iurp zklfk wkh wzr sod|huv duh
udqgrpo| gudzq/ dqg uhihu wr wkh yhfwru 5 ’E 5￿cØØØc5?￿ dv wkh srsxodwlrq frpsrvlwlrq1W k l v
lv dq hohphqw ri wkh vhw l? ’ i5 5 -?n￿ m 5￿ : f dqg
S?
￿’￿ 5￿ ￿ ￿j1 Zh vkdoo uhihu wr wkh
sdlu E￿c5￿/z k l f kv s h f l ?h vw k hg h p d q g vp d g he |e h k d y l r u d ow | s h vd vz h o od vw k h l uv k d u h vl q
wkh srsxodwlrq dv wkh srsxodwlrq vwdwh1
D vwudwhj| iru sod|hu 4 frqvlvwv ri d suredelolw| glvwulexwlrq >￿ rq ￿ dqg d vhw ri fxpx0
odwlyh glvwulexwlrqv 8 ￿
￿￿E|￿ rq -n ^i 4 jiru doo sdluv ￿c￿ vxfk wkdw k￿ n k￿ : ￿1K h u h8 ￿
￿￿E|￿
lv wkh suredelolw| ri sod|hu 4 frqfhglqj wr khu rssrqhqw*v ghpdqg e| wlph |/j l y h qw k d w
wkh wzr sod|huv kdyh fkrvhq wkh lqfrpsdwleoh ghpdqgv k￿ dqg k￿ uhvshfwlyho|1 Vlploduo|/ d
vwudwhj| iru sod|hu 5 lv jlyhq e| d suredelolw| glvwulexwlrq >2 rq ￿ d q gdv h wr if x p x o d w l y h
glvwulexwlrqv 82
￿￿E|￿ rq -n ^i 4 jiru doo sdluv ￿c￿ vxfk wkdw k￿ n k￿ : ￿1 Wklv ghvfulehv
d v|pphwulf yhuvlrq ri wkh frqwlqxrxv wlph edujdlqlqj jdph h{dplqhg e| Deuhx dqg Jxo
+5333,/ zkr vkrz wkdw htxloleulxp lv xqltxh1 Khqfh wkh htxloleulxp h{shfwhg sd|r>vr id o o
+udwlrqdo dqg ehkdylrudo, sod|huv duh ghwhuplqhg xqltxho| dv d ixqfwlrq ri wkh +frpprqo|
nqrzq, srsxodwlrq frpsrvlwlrq 51 Jlyhq wkh v|pphwu| dvvxphg khuh +zklfk lwvhoi lv d frq0
vhtxhqfh ri dvvxplqj wkdw wkh wzr sod|huv duh udqgrpo| gudzq iurp wkh vdph srsxodwlrq,/
8zh gurs vxshuvfulswv dqg ohw >￿ ghqrwh wkh suredelolw| zlwk zklfk k￿ lv fkrvhq e| d udwlrqdo
sod|hu lq htxloleulxp1 Vlploduo|/ 8￿￿E|￿ ghqrwhv wkh suredelolw| wkdw d sod|hu ghpdqglqj k￿
frqfhghv wr khu rssrqhqw*v lqfrpsdwleoh ghpdqg k￿ e| wlph |1
Deuhx dqg Jxo +5333, hvwdeolvk wkdw htxloleulxp lq wklv jdph kdv wkh iroorzlqj vwuxfwxuh1
Wkh suredelolw| wkdw d sod|hu lv ehkdylrudo frqglwlrqdo rq wkh idfw wkdw vkh fkrrvhv ghpdqg




Li wkh ghpdqgv pdgh e| wkh wzr sod|huv duh lqfrpsdwleoh/ wkhq dw prvw rqh sod|hu frqfhghv
wr wkh rwkhu*v ghpdqg zlwk srvlwlyh suredelolw| dw wlph fØ Wkdw lv/ li k￿ nk￿ : ￿ wkhq hlwkhu
^￿￿ ’fru ^￿￿ ’f+ru erwk,/ zkhuh ^￿￿ ’ 8￿￿Ef￿ lv wkh suredelolw| ri lpphgldwh frqfhvvlrq e|
ds o d | h ug h p d q g l q jk￿ wr d sod|hu ghpdqglqj k￿1 Li frqfhvvlrq grhv qrw rffxu dw wlph }hur/
d zdu ri dwwulwlrq uhvxowv14 D sod|hu zkr kdv pdgh ghpdqg k￿ dqg idfhv dq rssrqhqw zkr
k d vp d g hg h p d q gk￿c frqfhghv dw d frqvwdqw kd}dug udwh b￿￿c zkhuh
b￿￿ ’
oE￿ ￿ k￿￿
k￿ ￿ E￿ ￿ k￿￿
Ø +4,
Li qhlwkhu sod|hu frqfhghv lpphgldwho| wr wkh rwkhu*v ghpdqg zlwk srvlwlyh suredelolw| E^￿￿ ’
^￿￿ ’f ￿ c wkhq wkh suredelolw| wkdw wkh sod|hu fkrrvlqj k￿ lv ehkdylrudo frqglwlrqdo rq wkh





Li A￿￿ ’ A￿￿ +wkh suredelolw| d sod|hu lv ehkdylrudo uhdfkhv 4 vlpxowdqhrxvo| iru erwk sod|huv,
wkhq ^￿￿ ’ ^￿￿ ’flq htxloleulxp1 Li qrw/ wkhq rqh ri wkh sod|huv frqfhghv lpphgldwho|
wr wkh rwkhu*v ghpdqg zlwk srvlwlyh suredelolw|1 Wklv suredelolw| ri lpphgldwh frqfhvvlrq
pxvw eh suhflvho| vxfk dv wr fdxvh wkh suredelolw| wkdw hdfk sod|hu lv ehkdylrudo wr uhdfk 4
vlpxowdqhrxvo| iru erwk sod|huv1 Wklv rffxuv dw wlph A f
￿￿ ’4 ￿ ?iA￿￿cA ￿￿j1 Khqfh/ li A￿￿ :A ￿￿
wkhq ^￿￿ : f’^￿￿ +wkh sod|hu ghpdqglqj k￿ frqfhghv lpphgldwho| zlwk srvlwlyh suredelolw|
wr wkh sod|hu ghpdqglqj k￿,1
D qxpehu ri uhvxowv fkdudfwhul}lqj dgglwlrqdo surshuwlhv ri htxloleulxp ehkdylru lq wklv
edujdlqlqj jdph duh suhvhqwhg lq wkh dsshqgl{/ lqfoxglqj wkh iroorzlqj= +l, li d sduwlfxodu
ehkdylrudo w|sh lv lplwdwhg e| udwlrqdo sod|huv wkhq doo ehkdylrudo w|shv pdnlqj pruh dj0
juhvvlyh ghpdqgv duh dovr lplwdwhg/ dqg +ll, Dq| w|sh zklfk lv lqfrpsdwleoh zlwk doo w|shv
4Udwkhu wkdq ehlqj dvvxphg/ wklv zdu ri dwwulwlrq vwuxfwxuh lv ghulyhg e| Deuhx dqg Jxo dv d surshuw|
ri htxloleulxp lq wkh wkh olplw ri d vhtxhqfh ri glfuhwh wlph edujdlqlqj jdphv1
9+lqfoxglqj lwvhoi, pxvw eh lplwdwhg e| udwlrqdo sod|huv dqg zloo qhyhu eh lpphgldwho| frq0
fhghg wr zlwk srvlwlyh suredelolw|1 Dq lpphgldwh fruroodu| ri wkh odwwhu lv wkdw li doo w|shv duh
djjuhvvlyh +lq wkh vhqvh ri ghpdqglqj pruh wkdq kdoi wkh vxusoxv,/ wkhq doo zloo eh lplwdwhg
e| udwlrqdo sod|huv zlwk suredelolwlhv wkdw lpso| qr lpphgldwh frqfhvvlrqv lq htxloleulxp1
Wkhvh surshuwlhv duh lpsolflw lq wkh zrun ri Deuhx dqg Jxo +5333, dqg/ zkloh wdqjhqwldo wr
wkh suhvhqw lqtxlu|/ duh uhtxluhg lq surylqj rxu pdlq uhvxowv rq hyroxwlrqdu| vwdelolw|1
6S d | r >v
Vlqfh wkh srsxodwlrq vwdwh E￿c5￿ xqltxho| ghwhuplqhv wkh htxloleulxp ehkdylru ri udwlrqdo
sod|huv/ lw dovr xqltxho| ghwhuplqhv wkhlu h{shfwhg sd|r>v dqg wkrvh ri ehkdylrudo w|shv1
Vlqfh zh zlvk wr hqgrjhql}h wkh ghwhuplqdwlrq ri wkh srsxodwlrq vwdwh/ sd|r> ixqfwlrqv qhhg
wr eh gh?qhg lq d pdqqhu wkdw lv jhqhudo hqrxjk wr hqfrpsdvv gl>huhqw vwdwhv +dqg qrw mxvw
gl>huhqw srsxodwlrq frpsrvlwlrqv iru d jlyhq vwdwh,1 Dffruglqjo|/ ohw F ghqrwh wkh vhw ri
?qlwh vxevhwv ri Efc￿￿ dqg ohw Z ’ i>cl￿cl2cØØØj ghqrwh wkh vhw ri ?qlwh glphqvlrqdo xqlw
vlpsoh{hv1 Gh?qh wkh vhw V dv iroorzv=
V ’ iE￿cl
?￿ 5FßZm? ’ m￿mjØ
Doo srvvleoh srsxodwlrq vwdwhv duh hohphqwv ri Vc d q gh d f kh o h p h q wr iV fruuhvsrqgv wr d
srsxodwlrq vwdwh1 Wkh sd|r>v ri wkh gl>huhqw w|shv suhvhqw dw d srsxodwlrq vwdwh pd| eh
gh?qhg e| wkh ixqfwlrqv Z￿ G V$-c iru ￿ ’f c￿cØØØc?1K h u hZfE￿c5￿ ghqrwhv wkh h{shfwhg
sd|r> wr udwlrqdo sod|huv dw vwdwh E￿c5￿ dqg/ iru ￿ Ł ￿cZ ￿E￿c5￿ ghqrwhv wkh h{shfwhg sd|r>
wr d ehkdylrudo sod|hu zkr ghpdqgv k￿ dw srsxodwlrq vwdwh E￿c5￿Ø5
Zh vkdoo doorz iru wkh srvvlelolw| wkdw udwlrqdo sod|huv/ rq dffrxqw ri wkh juhdwhu vrsklv0
wlfdwlrq ri wkhlu ehkdylru/ lqfxu d frvw 0:f zklfk lv ghgxfwhg iurp wkhlu sd|r>vi u r pw k h
edujdlqlqj jdph1 Wkh h{solflw lqfoxvlrq ri vxfk d frvw uh hfwv d uxglphqwdu| dwwhpsw wr fru0
uhfw iru wkh idfw wkdw prghov ri xqerxqghg udwlrqdolw| qhjohfw dq lpsruwdqw vfdufh uhvrxufh/
wkh frpsxwdwlrqdo fdsdflw| ri wkh kxpdq plqg +Vlprq/ 4<:;,1 Rxu txdolwdwlyh uhvxowv gr
qrw ghshqg rq wkh pdjqlwxgh ri wklv frvw= lq sduwlfxodu/ 0 pd| eh wdnhq wr eh duelwudulo|
vpdoo1
5Qrwh wkdw V lqfoxghv wkh vwdwh lq zklfk F dqg } duh erwk hpsw| +rqo| wkh udwlrqdo w|sh lv suhvhqw lq
wkh srsxodwlrq,1 Dw wklv vwdwh htxloleulxp ehkdylru lv qrw xqltxho| ghwhuplqhg dqg vr wkh sd|r> ixqfwlrqv
duh qrw zhoo gh?qhg1 Dv vkrzq ehorz/ wklv grhv qrw suhyhqw xv iurp lqyhvwljdwlqj wkh vwdelolw| ri wklv vwdwh
vlqfh sd|r>vd u hz h o og h ?qhg dw doo rwkhu vwdwhv lq dq| qhljkerukrrg ri wklv vwdwh1
:Zh zlvk wr lghqwli| srsxodwlrq vwdwhv wkdw duh wkh orqj uxq rxwfrph ri d surfhvv ri
hyroxwlrqdu| vhohfwlrq1 Zh gr wklv e| hpsor|lqj wkh qrwlrq ri dq hyroxwlrqdulo| vwdeoh vwdwh
+Pd|qdug Vplwk dqg Sulfh/ 4<:6,1 Lq rughu iru d vwdwh wr eh vwdeoh lq wklv vhqvh/ lw pxvw eh
deoh wr uhvlvw vpdoo shuwxuedwlrqv lq wkh srsxodwlrq vwdwh1 Wkhvh shuwxuedwlrqv pd| eh ri
wzr w|shv= +l, fkdqjhv lq wkh srsxodwlrq frpsrvlwlrq/ kroglqj ?{hg wkh vhw ri ghpdqgv ￿c
dqg +ll, fkdqjhv lq wkh vhw ri ghpdqgv lwvhoi1
D ?uvw vwhs lq hvwdeolvklqj fulwhuld iru hyroxwlrqdu| vwdelolw| lv wr lghqwli|/ iru d jlyhq vhw
ri ghpdqgv ￿c vwdwhv wkdw duh vwdeoh zlwk uhvshfw wr vpdoo shuwxuedwlrqv lq wkh srsxodwlrq
frpsrvlwlrq 5Ø Jlyhq vrph vhw ri ghpdqgv ￿c frqvlghu dq| wzr srsxodwlrq frpsrvlwlrqv 5







Wklv pd| eh lqwhusuhwhg dv wkh h{shfwhg sd|r> wr d sod|hu gudzq iurp d srsxodwlrq zlwk
frpsrvlwlrq 5 zkhq wkh rssrqhqw vkh idfhv lv gudzq iurp d srsxodwlrq zlwk frpsrvlwlrq
5￿ +zlwk erwk srsxodwlrqv kdylqj wkh vdph vhw ri srvvleoh ehkdylrudo ghpdqgv ￿,1 Zh vd|
wkdw wkh srsxodwlrq vwdwh E￿Wc5W￿ lv vwdeoh zlwk uhvshfw wr shuwxuedwlrqv lq wkh srsxodwlrq








iru doo # 5 Efc7 #￿Ø Wkh lqwhusuhwdwlrq lv wkdw d srsxodwlrq zlwk frpsrvlwlrq 5W zloo rewdlq d
juhdwhu h{shfwhg sd|r> wkdq rqh zlwk dq| rwkhu frpsrvlwlrq 5￿ djdlqvw d pl{wxuh ri wkh wzr
lq zklfk wkh odwwhu kdv vx!flhqwo| vpdoo zhljkw1 Wkh pdlq mxvwl?fdwlrq iru wkh xvh ri wklv
frqglwlrq lv wkdw dq| srsxodwlrq vwdwh 5W zklfk vdwlv?hv lw lv dv|pswrwlfdoo| vwdeoh xqghu d
ydulhw| ri hyroxwlrqdu| vhohfwlrq g|qdplfv lqfoxglqj wkh uhsolfdwru g|qdplfv1 Dq dowhuqdwlyh
yhuvlrq ri wkh frqglwlrq lv wkdw wkhuh h{lvwv vrph qhljkerukrrg øE5W￿ ª l? ri 5W vxfk wkdw
iru doo 5 5 øE5W￿ zlwk 5 9’ 5Wc wkh iroorzlqj krogv=
sE5
Wc5￿ :sE5c5￿Ø +6,
Wklv uhtxluhv wkdw wkh 3vwudwhj|4 5W rewdlq d vwulfwo| juhdwhu sd|r> djdlqvw doo qhdue| vwudwh0
jlhv 5 wkdq wkhvh vwudwhjlhv jhw zkhq pdwfkhg djdlqvw wkhpvhoyhv1 Wklv odwwhu yhuvlrq ri wkh
frqglwlrq zloo eh xvhg lq wkh dqdo|vlv ehorz16
6Vhh Kriedxhu dqg Vljpxqg +4<;;, iru wkh htxlydohqfh ri wkh wzr gh?qlwlrqv/ dqg wkh uhodwlrqvkls ehwzhhq
wklv vwdwlf qrwlrq ri vwdelolw| dqg g|qdplf prghov ri hyroxwlrqdu| vhohfwlrq1
;Zkloh wkh deryh fulwhulrq lghqwl?hv srsxodwlrq vwdwhv wkdw duh vwdeoh zlwk uhvshfw wr
vpdoo shuwxuedwlrqv lq wkh srsxodwlrq frpsrvlwlrq iru d jlyhq vhw ri ehkdylrudo ghpdqgv ￿c
lw grhv qrw dgguhvv wkh txhvwlrq ri zkhwkhu vxfk d vwdwh zrxog eh vwdeoh zlwk uhvshfw wr
shuwxuedwlrqv lq wkh vhw ri ghpdqgv lwvhoi1 Lw lv dpso| srvvleoh wr ?qg srsxodwlrq vwdwhv
wkdw vdwlvi| wkh frqglwlrq zkhq wkh vhw ri srvvleoh ghpdqgv ￿ lv uhvwulfwhg/ exw zklfk zrxog
eh xqvwdeoh lq wkh suhvhqfh ri d ulfkhu vhw ri ehkdylrudo w|shv17 Wr dgguhvv wklv sureohp/
frqvlghu dq| srsxodwlrq vwdwh E￿Wc5W￿ 5Vlq zklfk wkh qxpehu ri ehkdylrudo w|shv lv ?1
Ohw k?n￿ 5 Efc￿￿ zkhuh k?n￿ * 5 ￿W uhsuhvhqw wkh ghpdqg ri vrph cpxwdqw* ehkdylrudo w|sh
dqg ohw ￿ ’ ￿W ^ik?n￿j ghqrwh wkh hqodujhg vhw ri w|shv1 Ohw ￿ ’ EE￿￿#￿5Wc#￿ 5 l?n￿ eh
d vwdwh zlwk zhljkw #:f rq wkh srsxodwlrq vkduh ri wkh 3pxwdqw4 w|sh/ dqg zhljkw E￿￿#￿
rq wkh lqfxpehqw srsxodwlrq 5W1 Wkh sd|r>vw rh d f kw | s h+ l q f o x g l q jw k hp x w d q ww | s h ,d u h
xqltxho| ghwhuplqhg dw dq| vxfk srsxodwlrq vwdwh ￿1 Zh vkdoo vd| wkdw wkh vwdwh E￿Wc5W￿ lv
xqlqydgdeoh li/ iru hyhu| k?n￿ * 5 ￿Wc wkhuh h{lvwv vrph 7 #:f vxfk wkdw/ iru doo #￿7 # dqg doo
￿ 5i ￿cØØØc?j
Z￿E￿c￿￿ :Z ?n￿E￿c￿￿Ø +7,
Lq rwkhu zrugv/ d vwdwh E￿Wc5W￿ lv xqlqydgdeoh li doo srwhqwldo pxwdqwv hduq d vwulfwo| orzhu
sd|r> wkdq wkh lqfxpehqwv zkhq wkh srsxodwlrq vwdwh lv vx!flhqwo| forvh wr E￿Wc5W￿1
Dq| vwdwh zklfk lv vwdeoh zlwk uhvshfw wr shuwxuedwlrqv lq wkh srsxodwlrq frpsrvlwlrq dqg
lv dovr xqlqydgdeoh lv vdlg wr eh hyroxwlrqdulo| vwdeoh18 Dq| vwdwh zklfk lv qrw hyroxwlrqdulo|
vwdeoh lv xqvwdeoh1 Zh wxuq qh{w wr wkh txhvwlrq ri zklfk srsxodwlrq vwdwhv duh frqvlvwhqw
zlwk hyroxwlrqdu| vwdelolw|1
7 Hyroxwlrqdu| Vwdelolw|
Wr exlog lqwxlwlrq iru wkh uhvxowv wr eh suhvhqwhg ehorz/ frqvlghu ?uvw d srsxodwlrq lq zklfk
udwlrqdo sod|huv frh{lvw zlwk d vlqjoh ehkdylrudo w|sh zkr ghpdqgv %:￿
2 dqg kdv srsxod0
wlrq vkduh # 5 Efc￿￿Ø Wkh srsxodwlrq vwdwh lv wkhuhiruh E￿c5￿ zkhuh ￿ ’ i%j dqg 5 ’ #Ø Dw
wklv vwdwh udwlrqdo sod|huv fkrrvh % zlwk suredelolw| 4 vlqfh d idloxuh wr gr vr zrxog uhyhdo
7Iru lqvwdqfh/ li F frqvlvwv ri d vlqjoh ghpdqg ￿4 A 4
5> wkhuh dozd|v h{lvwv d vwdwh zklfk lv vwdeoh zlwk
uhvshfw wr shuwxuedwlrqv lq wkh srsxodwlrq frpsrvlwlrq exw zklfk lv qr orqjhu vwdeoh li wkh vhw ri ghpdqgv
lv vxlwdeo| hqodujhg1 Wklv h{dpsoh lv glvfxvvhg ixuwkhu ehorz1
8Wkh fulwhulrq ri hyroxwlrqdu| vwdelolw| lv w|slfdoo| dssolhg zlwk vrph h{rjhqrxvo| jlyhq ?qlwh vhw ri
ehkdylruv/ lq zklfk fdvh wkh xqlqydgdelolw| frqglwlrq fdq eh devruehg lqwr wkh vwdelolw| frqglwlrq +6,1 Zh
vhsdudwh wkh wzr lq rughu wr doorz iru w|shv pdnlqj dq| ghpdqg lq wkh xqlw lqwhuydo1
<wkhlu udwlrqdolw| dqg irufh wkhp wr frqfhgh lpphgldwho| wr wkhlu rssrqhqwv ghpdqg1 Vlqfh
doo sod|huv ghpdqg %c wkh ghpdqg frqyh|v qr lqirupdwlrq derxw d sod|hu*v w|sh dqg srvwh0
ulru suredelolw| wkdw d sod|hu lv ehkdylrudo lpphgldwho| iroorzlqj wkh ghpdqg lv vlpso| #1
Wkhuh duh qr lpphgldwh frqfhvvlrqv dqg d zdu ri dwwulwlrq iroorzv1 Iurp +4, dqg +5,/ hdfk
sod|hu frqfhghv dw d kd}dug udwh b ’ oE￿ ￿ %￿*E2% ￿ ￿￿ dqg wkh suredelolw| wkdw d sod|hu lv
ehkdylrudo frqglwlrqdo rq wklv sod|hu qrw kdylqj frqfhghg uhdfkhv 4 dw wlph A ’E ￿*L}#￿*bØ
Wkh h{shfwhg sd|r> wr udwlrqdo sod|huv iurp wklv edujdlqlqj lqwhudfwlrq lv ￿ ￿ %/v l q f h
lpphgldwh frqfhvvlrq lv lq wkh vxssruw ri wkh htxloleulxp vwudwhj|1 Frqfhvvlrq zlwk sured0
elolw| 4 dw wlph A +dqg qrw hduolhu, lv dovr lq wkh vxssruw ri wkh htxloleulxp vwudwhj|/ vr wklv
pxvw dovr |lhog dq h{shfwhg sd|r> ri ￿ ￿ %Ø Zh wkhuhiruh kdyh
￿ ￿ % ’E ￿￿ #￿w n # E￿ ￿ %￿e
3oAc
zkhuh w ghqrwhv wkh sd|r> wkdw frqfhvvlrq zlwk suredelolw| 4 dw wlph A |lhogv zkhq rqh*v
rssrqhqw lv udwlrqdo +dqg pxvw wkhuhiruh kdyh frqfhghg zlwk suredelolw| 4 e| wkh wlph A lv
uhdfkhg, dqg E￿ ￿ %￿e3oA lv wkh sd|r> wkdw frqfhvvlrq zlwk suredelolw| 4 dw wlph A |lhogv
zkhq rqh*v rssrqhqw lv ehkdylrudo +dqg wkhuhiruh qhyhu frqfhghv,1 Fohduo|/ w lv dovr wkh
sd|r> wkdw d ehkdylrudo sod|hu zrxog jhw zkhq pdwfkhg zlwk d udwlrqdo rssrqhqw1 Khqfh
wkh h{shfwhg sd|r> wr ehkdylrudo w|shv lv





Wkh whup E￿ ￿ %￿#e3oA uhsuhvhqwv wkh gl>huhqfh ehwzhhq wkh sd|r>v ri udwlrqdo dqg ehkdy0
lrudo w|shv iurp wkh edujdlqlqj lqwhudfwlrq1 Wklv whup fdq eh lqwhusuhwhg dv wkh cshqdow|*
wkdw ehkdylrudo w|shv sd| ehfdxvh/ xqolnh udwlrqdo sod|huv/ wkh| idlo wr frqfhgh hyhq zkhq
wkhlu rssrqhqw lv uhyhdohg wr eh ehkdylrudo1 Wklv shqdow| dssurdfkhv f dv wkh srsxodwlrq
vkduh ri ehkdylrudo w|shv ydqlvkhv= *￿4#<f Z￿E￿c5￿’￿￿%1V l q f hZfE￿c5￿’￿￿%￿0/w k h u h
h{lvwv 7 #:f vxfk wkdw Zf ￿Z ￿ iru doo #￿7 #1 Khqfh wkh ehkdylrudo w|sh rewdlqv d vwulfwo|
juhdwhu sd|r> wkdq wkh udwlrqdo w|sh zkhq wkh srsxodwlrq vkduh ri wkh iruphu lv vx!flhqwo|
vpdoo1 Iru dq| 0:f/ wkh vwdwh lq zklfk rqo| udwlrqdo w|shv duh suhvhqw fdq eh lqydghg1
Wkh uhdvrq zk| d srsxodwlrq ri udwlrqdo sod|huv fdqqrw h{sho d uduh djjuhvvlyh pxwdqw
lv wkh iroorzlqj1 Wkh ehkdylrudo vwudwhj| ri qhyhu frqfhglqj lv rqo| frvwo| zkhq ehkdylrudo
w|shv hqfrxqwhu hdfk rwkhu1 Wkh idfw wkdw ehkdylrudo sod|huv idlo wr frqfhgh hyhq zkhq lw
ehfrphv fhuwdlq wkdw wkhlu rssrqhqw lv ehkdylrudo lv lppdwhuldo zkhq wkh| hqfrxqwhu udwlrqdo
sod|huv vlqfh wklv srlqw lq wlph lv qhyhu uhdfkhg1 Dv wkh srsxodwlrq vkduh ri ehkdylrudo w|shv
idoov/ lw ehfrphv lqfuhdvlqjo| xqolnho| wkdw ehkdylrudo w|shv hqfrxqwhu hdfk rwkhu1 Lq wkh
43olplw/ wkh sd|r>v ri ehkdylrudo dqg udwlrqdo sod|hu iurp wkh edujdlqlqj lqwhudfwlrq frqyhujh/
vr wkdw hyhq dq duelwudulo| vpdoo frvw ri udwlrqdolw| fdq jlyh wkh iruphu dq dgydqwdjh1
Vlqfh d srsxodwlrq ri udwlrqdo sod|huv lv xqvwdeoh lq wkh suhvhqfh ri d vlqjoh djjuhvvlyh
ehkdylrudo w|sh/ wklv udlvhv wkh txhvwlrq ri zkhwkhu d srsxodwlrq frqvlvwlqj ri vxfk d ehkdy0
lrudo w|sh wrjhwkhu zlwk wkh udwlrqdo w|sh fdq lwvhoi eh vwdeoh1 Lw wxuqv rxw wkdw lw fdqqrw1
Wr vhh zk|/ frqvlghu d srsxodwlrq vwdwh E￿c5￿ lq zklfk wkhuh duh wzr ehkdylrudo w|shv/ erwk
ri zkrp ghpdqg pruh wkdq kdoi wkh vxusoxv1 Zh pd| zulwh ￿ ’ ik￿ck 2j dqg vxssrvh/
zlwkrxw orvv ri jhqhudolw|/ wkdw k2 :k ￿ : ￿
2Ø Wkh srsxodwlrq frpsrvlwlrq lv 5 ’E 5￿c5 2￿Ø Dw
dq htxloleulxp/ erwk w|shv duh lplwdwhg zlwk srvlwlyh suredelolw| dqg wkhuh duh qr lpphgldwh
frqfhvvlrqv zlwk srvlwlyh suredelolw| lq htxloleulxp19 Vlqfh lpphgldwh frqfhvvlrq lv lq wkh
vxssruw ri wkh d udwlrqdo sod|hu*v htxloleulxp vwudwhj| uhjdugohvv ri khu rssrqhqw*v ghpdqg/
wkh h{shfwhg sd|r>v wr udwlrqdo w|shv duh
ZfE￿c5￿’E 5￿ n 5f>￿￿E￿￿ k￿￿nE 52 n 5f>2￿E￿￿ k2￿Ø
Ohw A￿￿ ghqrwh wkh wlph dw zklfk d sod|hu ghpdqglqj k￿ 5 ￿ lv uhyhdohg wr eh ehkdylrudo zkhq
khu rssrqhqw kdv ghpdqghg k￿ 5 ￿Ø Vlqfh wkhuh duh qr lpphgldwh frqfhvvlrqv/ A￿￿ ’ A￿￿Ø
Xvlqj wkh vdph uhdvrqlqj dv zdv xvhg wr rewdlq +8,/ zh rewdlq
















zkhuh R￿ lv wkh srvwhulru suredelolw| wkdw sod|hu lv ehkdylrudo dw wlph f frqglwlrqdo rq khu
kdylqj ghpdqghg k￿1 Iurp +4, dqg wkh idfw wkdw k2 :k ￿c zh kdyh b2￿ ￿b ￿￿ iru hdfk
￿ 5i ￿c2j1 Wklv lq wxuq lpsolhv iurp +5, wkdw A2￿ :A ￿￿ iru hdfk ￿ 5i ￿c2j dqg khqfh/
iurp wkh deryh htxdwlrqv/ wkdw Z2E￿c5￿ :Z ￿E￿c5￿Ø Lq rwkhu zrugv/ wkh pruh djjuhvvlyh w|sh
rewdlqv d juhdwhu sd|r> wkdq wkh ohvv djjuhvvlyh w|sh dw dq| srsxodwlrq frpsrvlwlrq lq zklfk
erwk duh suhvhqw1 Wklv sd|r> dgydqwdjh dulvhv ehfdxvh/ lq wkh fdvh ri wkh pruh djjuhvvlyh
w|sh/ wkh cshqdow|* iru qrw frqfhglqj zkhq rqh*v rssrqhqw lv uhyhdohg wr eh ehkdylrudo lv
sdlg ixuwkhu lqwr wkh ixwxuh1 Fohduo| qr srsxodwlrq vwdwh zlwk d vlqjoh djjuhvvlyh ehkdylrudo
w|sh fdq wkhuhiruh eh hyroxwlrqdulo| vwdeoh/ vlqfh d w|sh zlwk d pruh djjuhvvlyh ghpdqg fdq
lqydgh1
Wkh deryh dujxphqw fdq eh jhqhudol}hg wr vkrz wkdw qr srsxodwlrq lq zklfk wkh ehkdy0
lrudo w|shv doo ghpdqg pruh wkdq kdoi wkh vxusoxv fdq eh vwdeoh/ ehfdxvh d w|sh wkdw lv hyhq
pruh djjuhvvlyh fdq lqydgh1 Frqvlghu/ krzhyhu/ d vwdwh lq zklfk qrw doo w|shv duh djjuhv0
vlyh/ dqg lq zklfk wkh prvw djjuhvvlyh dqg wkh ohdvw djjuhvvlyh w|shv pdnh frpsohphqwdu|
9Wklv iroorzv iurp Ohppd 5 lq wkh Dsshqgl{1
44ghpdqgv1 Lq wklv fdvh/ li dq hyhq pruh djjuhvvlyh cpxwdqw* zhuh wr hqwhu wkh srsxodwlrq/ lw
lv qrw qhfhvvdulo| wkh fdvh wkdw wkh odwwhu zrxog hduq d kljkhu sd|r> wkdq wkh lqfxpehqwv1
Wkh uhdvrq lv wkdw wkh sd|r> dgydqwdjh lghqwl?hg deryh lv frxqwhudfwhg e| wkh idfw wkdw
wkhuh wkh pxwdqw ghpdqg/ xqolnh wkdw ri wkh lqfxpehqwv/ lv lqfrpsdwleoh zlwk wkdw ri wkh
ohdvw djjuhvvlyh w|sh1 Wklv vxjjhvwv wkdw wkh ehkdylrudo w|shv suhvhqw dw dq| hyroxwlrqdulo|
vwdeoh vwdwh pxvw frqvlvw ri frpsohphqwdu| sdluv1 Wklv lv lqghhg wkh fdvh1
Wkhruhp 4 D srsxodwlrq vwdwh E￿Wc5W￿ lv hyroxwlrqdulo| vwdeoh rqo| li/ iru hdfk ghpdqg
k￿ 5 ￿W wkhuh h{lvwv d frpsohphqwdu| ghpdqg k￿ ’￿￿ k￿ 5 ￿WØ
Surri1 Vhh dsshqgl{1
Dq lpphgldwh frqvhtxhqfh ri Wkhruhp 4 lv wkdw dw dq| vwdeoh vwdwh/ wkhuh pxvw eh dw
ohdvw rqh ehkdylrudo w|sh zklfk ghpdqgv dw prvw kdoi wkh vxusoxv1
Zkloh hyroxwlrqdu| vwdelolw| uhvwulfwv wkh vhw ri srvvleoh ehkdylrudo w|shv wkdw fdq frh{lvw
lq vljql?fdqw dqg lqwhuhvwlqj zd|v/ lw doorzv iru d yhu| eurdg udqjh ri rxwfrphv zlwk uhjdug
wr vxusoxv glvvlsdwlrq dqg zhoiduh1 Zh vkrz lq wkh qh{w vhfwlrq wkdw vwdwhv zlwk dq doprvw
frpsohwh glvvlsdwlrq ri wkh vxusoxv dqg qr udwlrqdo w|shv suhvhqw fdq dovr eh vwdeoh/ dv fdq
vwdwhv zklfk kdyh d vljql?fdqw suhvhqfh ri udwlrqdo w|shv dqg duh pruh prghvwo| lqh!flhqw1
Zh gr wklv e| fkdudfwhul}lqj wkh vhw ri vwdeoh vwdwhv wkdw frqwdlq h{dfwo| wzr ehkdylrudo
w|shv1
8W z r E h k d y l r u d o W | s h v
Frqvlghu d srsxodwlrq zlwk wzr frpsohphqwdu| ehkdylrudo w|shv/ wkdw lv/ ￿ ’ ik￿ck 2j
zkhuh k￿ ’ % 5 E￿
2c￿￿ dqg k2 ’￿￿%1 Vxssrvh ixuwkhu wkdw wkh srsxodwlrq frpsrvlwlrq 5 lv
vxfk wkdw 5￿ n 52 ’￿ c vr qr udwlrqdo sod|huv duh suhvhqw1 Wkh sd|r>vw rw k hw z re h k d y l r u d o
w|shv duh/ uhvshfwlyho|/
Z￿ ’ %52




Dw dq| vwdwh vdwlvi|lqj +6,/ htxdolw| ri sd|r>v lpsolhv 5W
2 ’2￿ 2% dqg 5W
￿ ’2 % ￿ ￿Ø Wkh
+frpprq, sd|r> wr hdfk w|sh lv E2 ￿ 2%￿%Ø Ohw rW ’E ￿c5W￿ dqg revhuyh wkdw iru dq|
r ’E ￿c5￿/z hk d y hsErWcr W￿’sErcrW￿ dqg
sEr
Wcr￿ ￿ sErcr￿’E 5
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2 ￿ 52￿ zh kdyh
sEr









’E 2 ￿ 2% ￿ 52￿
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E2 ￿ 2% ￿ 52￿
2 Ł f
zlwk vwulfw htxdolw| kroglqj zkhq 52 9’2￿ 2% ’ 5W
2Ø Khqfh 5W vdwlv?hv +6,1
Wr vhh wkdw 5W lv xqlqydgdeoh/ frqvlghu d srsxodwlrq vwdwh ￿ ’ EE￿ ￿ #￿5Wc#￿ lq zklfk d
ehkdylrudo cpxwdqw* w|sh ghpdqglqj k￿ ’ + lv suhvhqw zlwk srsxodwlrq vkduh # 5 Efc￿￿/d q g
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2# li + 5 Efc￿ ￿ %￿
Lq wkh ?uvw wzr fdvhv Z￿ ￿% 5 2 ’ Z￿ iru doo # 5 Efc￿￿Ø Lq wkh wklug fdvh/ li # lv vx!flhqwo|






# ’ Z2Ø Lq hdfk
fdvh/ wkhuh h{lvwv 7 #:f vxfk wkdw iru doo #￿7 # wkh gl>huhqfh ehwzhhq Z￿ dqg 4@ iZ￿cZ2j lv
erxqghg dzd| iurp 31 Vlqfh *￿4#<f EZ￿ ￿ Z2￿’f c wkhuh h{lvwv 7 #:f vxfk wkdw iru doo #￿7 #/
zh kdyh Z￿ ￿ 4￿?iZ￿cZ2jØ Khqfh 5W lv xqlqydgdeoh e| ehkdylrudo w|shv1
Wr vkrz wkdw 5W lv xqlqydgdeoh e| wkh udwlrqdo w|sh/ frqvlghu d srsxodwlrq frpsrvlwlrq
5 ’E ￿￿ #￿5Wc lq zklfk wkh srsxodwlrq vkduh ri udwlrqdo w|shv lv #Ø Lw lv srvvleoh wr vkrz
+vhh Ohppd 7 lq wkh dsshqgl{, wkdw udwlrqdo sod|huv zloo qhyhu lplwdwh wkh ohvv djjuhvvlyh
ehkdylrudo w|sh1 Wkh sd|r> wr d udwlrqdo sod|hu wkhuhiruh vdwlv?hv
*￿4
#<fZf E￿c5￿ ’ *￿4





’E ￿ ￿ %￿E￿￿ E2 ￿ 2%￿￿ n %E2 ￿ 2%￿ ￿ 0
zkloh *￿4#<f Z￿ ’ *￿4#<f Z2 ’E 2￿ 2%￿%1L i
0:E￿ ￿ %￿E2% ￿ ￿￿ +9,
wkhuh h{lvwv 7 #:f vxfk wkdw udwlrqdo sod|huv rewdlq orzhu sd|r>vw k d ww k hw z re h k d y l r u d o
w|shv iru doo #￿7 #1 Udwlrqdo sod|huv wkhuhiruh fdqqrw lqydgh1 Rq wkh rwkhu kdqg/ li +9, lv
uhyhuvhg/ udwlrqdo sod|huv fdq lqydgh dqg 5W zloo qrw eh hyroxwlrqdulo| vwdeoh1 Vlqfh % 5 Efc￿￿c
46lqhtxdolw| +9, lv qhfhvvdulo| vdwlv?hg li 0:￿
H1 Li/ rq wkh rwkhu kdqg/ 0 5 Efc ￿
H￿c wkh udqjh ri


















Qrwh wkdw %, : ￿
2 dqg %ß ￿ ￿ iru doo 0 5 Efc ￿
H￿c dqg wkdw wkh lqwhuydo 3vkulqnv4 +%, ulvhv dqg
%ß idoov, dv 0 ulvhv1 Zh kdyh wkhuhiruh suryhg wkdw dq| uhvw srlqw zlwk wzr frpsohphqwdu|
ehkdylrudo w|shv ghpdqglqj % 5 E￿
2c￿￿ dqg ￿￿% uhvshfwlyho| lv hyroxwlrqdulo| vwdeoh surylghg
wkdw % 5 E￿
2c% ,￿ ru % 5 E%ßc￿￿Ø: Lq rwkhu zrugv/ li wkh djjuhvvlyh w|sh lv vx!flhqwo| hjdolwduldq
ru vx!flhqwo| djjuhvvlyh/ d srsxodwlrq frqvlvwlqj ri wzr frpsohphqwdu| ehkdylrudo w|shv dqg
qr udwlrqdo w|shv lv hyroxwlrqdulo| vwdeoh1 Wklv lv d vshfldo fdvh ri wkh iroorzlqj1
Wkhruhp 5 Iru hyhu| % 5 E￿
2c￿￿c wkhuh h{lvwv dq hyroxwlrqdulo| vwdeoh vwdwh zlwk h{dfwo| wzr
frpsohphqwdu| ehkdylrudo w|shv zkr ghpdqg % dqg ￿ ￿ % uhvshfwlyho|1 Dw dq| vxfk vwdwh
udwlrqdo w|shv zloo eh suhvhqw li dqg rqo| li % 5 E%,c% ß￿Ø
Surri1 Vhh dsshqgl{1
Wkhruhp 5 vwdwhv wkdw dq| djjuhvvlyh ehkdylrudo w|sh pd| eh suhvhqw dw dq hyroxwlrqdulo|
vwdeoh vwdwh surylghg wkdw lwv frpsohphqwdu| w|sh lv dovr suhvhqw1 Li wkh w|sh pdnhv d ghpdqg
wkdw lv vx!flhqwo| forvh wr kdoi wkh vxusoxv/ wkh fruuhvsrqglqj vwdwh zloo uhvlvw lqydvlrq e|
udwlrqdo w|shv1 Wkh vdph lv wuxh li wkh ghpdqg lv vx!flhqwo| forvh wr wkh hqwluh vxusoxv1 Wkh
h{lvwhqfh ri vwdeoh vwdwhv zlwkrxw udwlrqdo sod|huv rffxuv uhjdugohvv ri wkh pdjqlwxgh ri wkh
rswlpl}dwlrq frvw/ dowkrxjk wkh udqjh ri ghpdqgv zklfk fdq eh irxqg dw vxfk vwdwhv ghshqgv
rq wklv frvw1
:Lw lv hdvlo| vhhq wkdw wkh olplw fdvh ri d srsxodwlrq frqvlvwlqj rqo| ri d vlqjoh ehkdylrudo w|sh zklfk
ghpdqgv h{dfwo| kdoi wkh vxusoxv lv dovr hyroxwlrqdulo| vwdeoh1 Wkh udwlrqdo w|sh fdqqrw lqydgh ehfdxvh/
lq dq| srsxodwlrq zlwk udwlrqdo sod|huv dqg wkh lqfxpehqw ehkdylrudo w|sh/ wkh iruphu zloo lplwdwh wkh
vlqjoh ehkdylrudo w|sh zlwk fhuwdlqw| +vlqfh d idloxuh wr gr vr zrxog uhvxow lq wkh sod|hu ehlqj uhyhdohg wr
eh udwlrqdo,1 Hdfk w|sh jhwv 4
5 lq hdfk lqwhudfwlrq dqg zlwk dq| %A3 wkh udwlrqdo w|sh rewdlqv d vwulfwo|
orzhu sd|r> wkdq wkh lqfxpehqw= Wr vhh wkdw rwkhu ehkdylrudo w|shv fdqqrw lqydgh/ frqvlghu vrph pxwdqw
ghpdqglqj ￿5 9@ 4
5= Li ￿5 A 4
5 wkh pxwdqw rewdlqv 3 lq doo lqwhudfwlrqv zklfk lv vwulfwo| ohvv wkdq wkh sd|r>
ri wkh lqfxpehqw1 Li ￿5 ? 4
5 wkh pxwdqw rewdlqv vwulfwo| ehorz 4
5 lq doo lqwhudfwlrqv zkloh wkh lqfxpehqw
rewdlqv dw ohdvw 4
5= Khqfh wkh srsxodwlrq lv hyroxwlrqdulo| vwdeoh1








































Iljxuh 41 Udqjh ri ghpdqgv iru zklfk udwlrqdo w|shv vxuylyh
Iljxuh 4 looxvwudwhv wkh pdqqhu lq zklfk wkh lqwhuydo E%,c% ß￿ fkdqjhv zlwk wkh rswlpl}d0
wlrq frvw 01 Dw vwdeoh vwdwhv lq zklfk wkh djjuhvvlyh ehkdylrudo ghpdqg olhv zlwklq wkh
xsshu dqg orzhu erxqgv/ dqg rqo| dw vxfk vwdwhv/ zloo udwlrqdo w|shv eh suhvhqw lq wkh srs0
xodwlrq1 Kljkhu ydoxhv ri 0 fruuhvsrqg wr d vpdoohu udqjh ri ghpdqgv iru zklfk udwlrqdo
sod|huv fdq vxuylyh/ exw hyhq iru 0 forvh wr }hur/ wkhuh h{lvwv d udqjh ri ghpdqgv iru zklfk
udwlrqdo sod|huv gr qrw vxuylyh1 Wkh vshfldo fdvh ri 0 ’f Øfe lv ghslfwhg lq Iljxuh 51 Khuh
E%,c% ß￿ ￿ EfØDecfØbS￿1 Fruuhvsrqglqj wr dq| djjuhvvlyh ghpdqg zlwklq wklv udqjh/ wkhuh
h{lvwv d vwdeoh vwdwh dw zklfk ehkdylrudo dqg udwlrqdo w|shv frh{lvw1 Fruuhvsrqglqj wr dq|
djjuhvvlyh ghpdqg rxwvlgh wklv udqjh/ wkhuh h{lvwv d vwdeoh vwdwh dw zklfk rqo| ehkdylrudo
w|shv vxuylyh1 Wkh ydoxh ri 0 sodfhv dq xsshu erxqg +exw fohduo| qr orzhu erxqg, rq wkh
srsxodwlrq vkduh ri udwlrqdo sod|huv wkdw lv frqvlvwhqw zlwk hyroxwlrqdu| vwdelolw|1

































Iljxuh 51 Srsxodwlrq vkduhv ri wkh wkuhh w|shv +0 ’f Øfe,1
Li rqh ylhzv ehkdylrudo w|shv dv lqglylgxdov zkr dgkhuh wr vrfldo frqyhqwlrqv hyhq zkhq
lw lv qrw lq wkhlu hfrqrplf lqwhuhvw wr gr vr/ rqh frxog lqwhusuhw Wkhruhp 5 dv dvvhuwlqj wkh
h{lvwhqfh ri d udqjh ri vwdeoh exw glvwlqfw vrflhwlhv zklfk pd| eh Sduhwr0udqnhg lq wkhlu ohyhov
ri h!flhqf| dqg zhoiduh1 Wkh lqflghqfh ri frqyhqwlrqdo +dv rssrvhg wr udwlrqdo, ehkdylru
zloo eh juhdwhvw lq wkrvh vrflhwlhv zlwk frqyhqwlrqv wkdw duh hlwkhu yhu| h!flhqw ru yhu|
lqh!flhqw1 Vrflhwlhv wkdw vwdelol}h dw prghudwho| lqh!flhqw frqyhqwlrqv zloo dovr eh wkrvh lq
zklfk udwlrqdo w|shv duh prvw suhydohqw/ dqg khqfh dovr wkrvh lq zklfk frqyhqwlrqv duh prvw
olnho| wr eh euhdfkhg1
9 Frqfoxvlrqv
W k hd q d o | v l vl qw k l vs d s h up d |e hv h h qd vd qd w w h p s ww rh { s o r u hw k hl p s o l f d w l r q vr ih y r o x w l r q 0
du| frpshwlwlrq dprqj gl>huhqw ehkdylruv zkhq udwlrqdolw| lv frvwo| dqg uhsxwdwlrqdo h>hfwv
duh lpsruwdqw1 Lq wkh edujdlqlqj hqylurqphqw h{dplqhg khuh/ zh ?qg wkdw dq hqgrjhqrxv
h{sodqdwlrq iru wkh suhvhqfh ri ehkdylrudo w|shv grhv qrw uhtxluh wkdw wkh frvw ri udwlrqdolw|
eh vljql?fdqw1 Qr pdwwhu krz vpdoo vxfk frvwv kdsshq wr eh/ qrw rqo| pxvw ehkdylrudo
w|shv eh suhvhqw dw vwdeoh vwdwhv/ exw wkhuh pxvw h{lvw vwdeoh vwdwhv lq zklfk udwlrqdo w|shv
duh devhqw1 Zkloh hyroxwlrqdu| vwdelolw| vxevwdqwldoo| uhvwulfwv wkh udqjh ri ehkdylrudo w|shv
49wkdw fdq fr0h{lvw/ lw doorzv iru wkh vwdelolw| ri dq| ehkdylrudo w|sh surylghg wkdw lw*v frpsoh0
p h q w d u |w | s hl vd o v rs u h v h q w 1Dz l g hu d q j hr ig h p d q g vd q gg h o d | vd u hw k h u h i r u hf r q v l v w h q w
zlwk hyroxwlrqdu| htxloleulxp1
Wkh edvlf phwkrgrorj| dgrswhg khuh frxog/ lq sulqflsoh/ eh dssolhg wr wkh hqgrjhql}dwlrq
ri ehkdylru lq dq| uhsxwdwlrqdo prgho zlwk ehkdylrudo w|shv1 Wr gr vr/ krzhyhu/ uhtxluhv d
uhdvrqdeoh vshfl?fdwlrq ri doo srvvleoh ehkdylrudo w|shv zklfk frxog srwhqwldoo| vxuylyh wkh
surfhvv ri hyroxwlrqdu| frpshwlwlrq1 Rqh frxog wkhq dvn zkhwkhu wkh sduwlfxodu ghsduwxuhv
iurp udwlrqdolw| wkdw kdyh ehhq dvvxphg lq wkh olwhudwxuh fdq eh mxvwl?hg rq hyroxwlrqdu|
jurxqgv1
4:Dsshqgl{
Sulru wr surylqj Wkhruhpv 4 dqg 5/ zh suhvhqw wkh iroorzlqj uhvxowv zklfk fkdudfwhul}h
htxloleulxp ehkdylru lq wkh edujdlqlqj jdph iru d jlyhq srsxodwlrq vwdwh E￿c5￿Ø Wkh ?uvw
wzr uhvxowv duh lpsolflw lq wkh zrun ri Deuhx dqg Jxo +5333,1
Ohppd 4 Li >￿ : f wkhq >￿ : f iru doo k￿ :k ￿Ø
Surri1 Vxssrvh >￿ : f dqg >￿ ’firu vrph k￿ :k ￿Ø Wkhq d udwlrqdo sod|hu zkr ghpdqgv













Wkh pd{lpxp srvvleoh sd|r> wkdw udwlrqdo sod|huv lplwdwlqj k￿ fdq rewdlq lv
[
k&D￿3k￿






Iru ￿ vx!flhqwo| vpdoo/ wkh ghyldwlrq lv vwulfwo| sur?wdeoh/ frqwudglfwlqj wkh k|srwkhvlv wkdw
>￿ ’flq htxloleulxp1 Khqfh >￿ : fØ
Ohppd 5 Vxssrvh k￿ 5 ￿ dqg k￿ nk& Ł ￿ iru doo k& 5 ￿Ø Wkhq >￿ : f dqg ^&￿ ’firu doo
k& 5 ￿Ø
Surri1 Vxssrvh k￿ 5 ￿ zlwk k￿ n k& Ł ￿ iru doo k& 5 ￿ dqg >￿ ’f 1 Frqvlghu d udwlrqdo
sod|hu zkr vzlwfkhv wr wkh iroorzlqj vwudwhj|= pdnh ghpdqg k￿ zlwk suredelolw| 4 dqg
frqfhgh zlwk suredelolw| 4 dw wlph ￿:fØ Wklv sod|hu zloo rewdlq d sd|r> k￿ : ￿
2 djdlqvw doo
udwlrqdo rssrqhqwv vlqfh vkh zloo eh eholhyhg wr eh ehkdylrudo zlwk fhuwdlqw|/ dqg d sd|r>
ri dw ohdvw E￿ ￿ k&￿e3o￿ djdlqvw ehkdylrudo sod|huv1 Vlqfh wkh h{shfwhg sd|r> ri udwlrqdo
sod|huv djdlqvw hdfk rwkhu lv dw prvw ￿
2c dqg wkh h{shfwhg sd|r> ri udwlrqdo sod|huv djdlqvw
ehkdylrudo sod|huv ri w|sh & lv dw prvw E￿ ￿ k&￿/ wklv ghyldwlrq zloo eh vwulfwo| sur?wdeoh li ￿
lv vx!flhqwo| vpdoo1 Khqfh >￿ ’flv lqfrqvlvwhqw zlwk htxloleulxp dqg zh pxvw kdyh >￿ : f1
Iurp +4, dqg +5,/ revhuyh wkdw







Khqfh wkhuh pxvw eh dw ohdvw rqh w|sh ￿ vxfk wkdw A￿& Ł A&￿ i r ud o or w k h uw | s h v&Ø Vxfk d
sod|hu pxvw eh lplwdwhg e| udwlrqdo w|shv +rwkhuzlvh A￿& ’f￿A &￿ iru dq| sod|hu & wkdw
lv lplwdwhg e| udwlrqdo w|shv,/ dqg lv qhyhu frqfhghg wr zlwk srvlwlyh suredelolw| dw wlph 31
Khqfh udwlrqdo sod|huv lplwdwlqj wklv w|sh rewdlq dq h{shfwhg sd|r> ri dw prvw ￿￿k& djdlqvw
4;rssrqhqwv zkr ghpdqg k&1 D udwlrqdo sod|hu pdnlqj ghpdqg k￿ jhwv d sd|r> ri dw ohdvw
￿ ￿ k& djdlqvw sod|huv ghpdqglqj &Ø Vlqfh w|shv ￿ dqg ￿ duh erwk lplwdwhg lq htxloleulxp/
d udwlrqdo sod|hu pdnlqj ghpdqg k￿ pxvw jhw h{dfwo| ￿ ￿ k& djdlqvw sod|huv ghpdqglqj &Ø
Wklv fdq rqo| rffxu li ^&￿ ’firu doo &Ø
Ohppd 6 Iru dq| k￿ck ￿ 5 ￿c li ^￿￿ Ł ^￿￿ wkhq ^&￿ Ł ^&￿ iru doo k& 5 ￿1








Khqfh/ iru dq| k& 5 ￿ hlwkhu +l, ^&￿ ’f’^&￿ ru +ll, ^&￿ ’f￿^ &￿ ru +lll, ^&￿ : f dqg
^&￿ : fØ Iru wkh ?uvw wzr fdvhv wkh uhvxow lv lpphgldwh/ vr vxssrvh ^&￿ : f dqg ^&￿ : fØ Wkhq
A￿& ’ ￿ A&￿ ￿A &￿ zkhuh






5& n 5f>& E￿ ￿ ^&￿￿
Ø
Khuh ￿ R&￿ lv wkh srvwhulru suredelolw| zlwk zklfk d sod|hu lv ehkdylrudo frqglwlrqdo rq wkhlu
kdylqj ghpdqghg k& dqg kdylqj idlohg wr frqfhgh lpphgldwho| wr ghpdqg k￿Ø Khqfh
º
5&

















Vlploduo|/ vlqfh ^&￿ : fc
º
5&







Iurp wkh suhylrxv wzr htxdwlrqv dqg +;,/ lw iroorzv wkdw ^&￿ Ł ^&￿1
Ohppd 7 Vxssrvh ￿ ’ ik￿ck 2ck ￿j zlwk ￿
2 ￿k ￿ ￿k ￿ dqg k2 ’￿￿ k￿c dqg E5￿c5 2c5 ￿￿’
EE￿ ￿ #￿5Wc#￿ zkhuh #:f dqg 5W 5 l2Ø Wkhq wkhuh h{lvwv 7 #:f vxfk wkdw/ iru doo #￿7 #c
>2 ’f Ø
4<Surri1 Ohw k￿ ’ % dqg k2 ’ +:% 1 Iluvw zh vkrz wkdw *￿4#<f >￿ ’f 1 Vxssrvh/
e| zd| ri frqwudglfwlrq/ wkdw *￿4#<f >￿ : f1 Wkhq zh zrxog kdyh *￿4#<f R￿ ’fdqg
*￿4#<f A￿￿ ’ *￿4#<f A￿2 ’ 41 Wklv lpsolhv wkdw wkhuh h{lvwv 7 #:f vxfk wkdw iru doo #￿7 #
zh kdyh ^￿￿ : f dqg ^￿2 : fØ Lq wklv fdvh wkh sd|r>v wr udwlrqdo sod|huv ghpdqglqj % dqg
udwlrqdo sod|huv ghpdqglqj + duh/ uhvshfwlyho|/
4￿ ’E ￿ ￿ %￿E5￿ n 5f>￿￿n%E52 n 5f>2￿n4￿￿E5￿ n 5f>￿￿c
4￿ ’E ￿ ￿ %￿E5￿ n 5f>￿￿n%E52 n 5f>2￿nE ￿￿ +￿E5￿ n 5f>￿￿
zkhuh 4￿￿ : ￿ ￿ + dqg khqfh 4￿ :4 ￿Ø Exw wklv lpsolhv >￿ ’firu doo #￿7 #c frqwudglfwlqj
*￿4#<f >￿ : f1 Khqfh *￿4#<f >￿ ’f Ø
Wkh sd|r>v wr udwlrqdo sod|huv ghpdqglqj % dqg udwlrqdo sod|huv ghpdqglqj ￿ ￿ % duh/
uhvshfwlyho|/
4￿ ’E ￿ ￿ %￿E5￿ n 5f>￿￿n%E52 n 5f>2￿n4￿￿E5￿ n 5f>￿￿c
42 ’E ￿ ￿ %￿E5￿ n 5f>￿￿n
￿
2
E52 n 5f>2￿n42￿ E5￿ n 5f>￿￿Ø
Vlqfh *￿4#<f >￿ ’f c zh kdyh *￿4#<f E5￿ n 5f>￿￿’f Ø Vlqfh *￿4#<f E52 n 5f>2￿ Ł 5W
2 : fc dqg
%:￿
2c wkhuh h{lvwv 7 #:f vxfk wkdw iru doo #￿7 #czh kdyh 4￿ :4 21 Khqfh iru doo #￿7 #c
>2 ’f Ø
Ohppd 8 Vxssrvh ￿ ’ ik￿ck 2ck ￿j zlwk ￿
2 ￿k ￿ck 2 ’￿￿ k￿c dqg k￿ 5 Ek2ck ￿￿c dqg
E5￿c5 2c5 ￿￿ ’ EE￿ ￿ #￿5Wc#￿ zkhuh #:f dqg 5W 5 l2Ø Wkhq ^￿￿ : f1
Surri1 Ohw k￿ ’ % dqg k￿ ’ + 5 E￿ ￿ %c%￿1 Ohppd 5 lpsolhv wkdw >￿ : f1 Iroorzlqj wkh
vdph uhdvrqlqj dv lq Ohppd 7/ zh fdq vkrz wkdw >2 ’fdqg *￿4#<f >￿ ’f Ø Wkh sd|r> wr
udwlrqdo sod|huv fkrrvlqj % dqg + uhvshfwlyho| duh
4￿ ’E ￿ ￿ %￿E5￿ n 5f>￿￿n%52 n 4￿￿ E5￿ n 5f>￿￿
4￿ ’ 4￿￿E5￿ n 5f>￿￿n
º
+
￿ ￿ % n +
Œ






Li ^￿￿ ’fwkhq 4￿￿ ’￿￿ % dqg/ vlqfh 4￿￿ Ł ￿ ￿ + dqg +*E￿ ￿ % n +￿ ￿% /z hk d y h4￿ :4 ￿1
Khqfh ^￿￿ : f1
Surri ri Wkhruhp 41 Vxssrvh wkdw wkhuh h{lvwv k￿ 5 ￿ vxfk wkdw k￿ ’￿￿ k￿ * 5 ￿Ø
Vlqfh ￿ ￿ k￿ * 5 ￿ w k h u hh { l v w vdp x w d q wg h p d q gk6 :k ￿ vxfk wkdw wkh vhw ri ghpdqgv lq
￿￿ ’ ￿ ^i k6j wkdw duh frpsdwleoh zlwk k6 lv wkh vdph dv wkh vhw ri ghpdqgv lq ￿￿ wkdw
duh frpsdwleoh zlwk k￿Ø Ohw 7 ’ ik& 5 ￿￿ m k￿ n k& Ø ￿j ghqrwh wklv vhw1 Frqvlghu wkh vwdwh
535 ’ EE￿ ￿ #￿5Wc#￿ zkhuh # lv wkh srsxodwlrq vkduh ri d pxwdqw ghpdqglqj k61F r q v l g h u?uvw
























Khqfh Z6 :Z ￿ d q gw k hp x w d q wf d ql q y d g h 1


























Vlqfh >6 : f zh pxvw kdyh 46 Ł 4￿Ø Wklv/ wrjhwkhu zlwk wkh deryh/ lpsolhv wkdw wkhuh h{lvwv




5& n 5f>& E￿ ￿ ^&￿￿
Ø
Wklv lv wkh suredelolw| wkdw d sod|hu ghpdqglqj k& lv ehkdylrudo frqglwlrqdo rq khu qrw
kdylqj frqfhghg wr ghpdqg k￿ dw wlph fØ Vlqfh ^&6 Ø ^&￿ iru doo &c zh kdyh ￿ R&￿ Ø ￿ R&6Ø
Ohw ￿ A&￿ ’ ￿E*L} ￿ R&￿￿*b&￿ ghqrwh wkh wlph dw zklfk vxfk d sod|hu lv ?uvw nqrzq wr eh
ehkdylrudo1 Wkh h{shfwhg sd|r> wr d udwlrqdo sod|hu ghpdqglqj k￿ zkhq frqiurqwlqj d
sod|hu ghpdqglqj k& zkr grhv qrw lpphgldwho| frqfhgh lv ￿ ￿ k&1 Wklv lv wkh vdph sd|r>
wkdw zrxog eh rewdlqhg e| d udwlrqdo sod|hu frqfhglqj zlwk suredelolw| ￿ dw wlph ￿ A&￿ +vlqfh
frqfhvvlrq dw wklv wlph lv lq wkh vxssruw ri wkh htxloleulxp vwudwhj|,1 Khqfh












Khuh w￿& lv wkh h{shfwhg sd|r> ri d ehkdylrudo w|sh ￿ zkr hqfrxqwhuv d udwlrqdo sod|hu
ghpdqglqj & zkr grhv qrw lpphgldwho| frqfhgh1 Vlploduo|












54Iurp +4, dqg +5,/
e
3o ￿ A&￿ ’￿ R
k&nk￿3￿
￿3k￿





zkhuh wkh lqhtxdolw| iroorzv iurp wkh idfw wkdw k6 :k ￿ dqg ￿ R&￿ Ø ￿ R&6Ø Khqfh w6& :w ￿& dqg
wkh pxwdqw hduqv d juhdwhu h{shfwhg sd|r> djdlqvw doo rssrqhqwv zlwk ghpdqgv rxwvlgh 71
Vlqfh wkh pxwdqw dovr grhv vwulfwo| ehwwhu djdlqvw ghpdqgv lq 7c wkh vwdwh 5W lv lqydgdeoh1
S u r r ir iW k h r u h p5
Wkdw wkh uhvxow krogv zkhq %* 5 E%,c% ß￿ kdv ehhq suryhg lq wkh wh{w1 Dffruglqjo|/ vxssrvh
wkdw % 5 E%,c% ß￿ dqg ￿ ’ ik￿ck 2j zkhuh k￿ ’ % 5 E￿
2c￿￿ dqg k2 ’￿￿ %1 Dv lq Ohppd
7/ >2 ’f+udwlrqdo sod|huv zloo qhyhu lplwdwh wkh ohvv djjuhvvlyh ehkdylrudo w|sh, dqg wkh
sd|r>vw rw k hw k u h hw | s h vd u h
Zf ’E ￿ ￿ %￿E￿￿ 52￿n%52 ￿ 0
Z￿ ’E ￿ ￿ %￿E￿￿ 52￿n%52 ￿ 5￿ E￿ ￿ %￿e
3oA














Doo sd|r>v pxvw eh htxdo dw dq| vwdwh 5W vdwlvi|lqj +6,1 Htxdolw| ri Zf dqg Z￿ lpsolhv
5
W























Zh ?uvw vkrz wkdw wklv vwdwh vdwlv?hv wkh vwdelolw| frqglwlrq +6,/ dqg wkhq wkdw lw lv xqlqydg0
deoh1
Vwdelolw|
55Ohw rW ’E ￿c5W￿ dqg r ’E ￿c5￿ iru vrph 5 5 l2Ø Vlqfh ZfErW￿’Z￿ErW￿’Z2ErW￿c zh kdyh
sErWcr W￿’sErcrW￿ iru doo 5 5 l2Ø Khqfh zh qhhg wr vkrz wkdw sErWcr￿ :s Ercr￿ iru doo









f ￿ 5f￿ZfEr￿nE 5
W
￿ ￿ 5￿￿Z￿Er￿nE 5
W
2 ￿ 52￿Z2Er￿






























Vlpsoli|lqj |lhogv {E5￿’{ ￿E5￿n{ 2E5￿ zkhuh


















Fohduo| {2E5￿ : f iru doo 5 vxfk wkdw 52 9’ 5W
2Ø Wr suryh wkh uhvxow/ zh qhhg wr vkrz wkdw

























Iljxuh 61 Vwhsv lq wkh Surri ri Wkhruhp 5


















f￿ ￿ ￿Ø Wklv gh?qhv d vwudljkw olqh lq 5￿852 vsdfh1 Wkh
olqh sdvvhv wkurxjk 5W dqg kdv vorsh ￿*&W : ￿ +vhh Iljxuh 6,1 Iurp +<, dqg +44,/ e3oA ’
e3oAW dw doo vxfk srlqwv1 Khqfh iru doo 5 5 g zlwk 5￿ 9’ 5W







Q r zf r q v l g h ud q |s r l q w5 vxfk wkdw 5￿ :5 W
￿ dqg 52 : ￿ 52 zkhuh E5￿c ￿ 52￿ 5 gØ Dw dq| vxfk
srlqw 5￿*E￿ ￿ 52￿ :5 ￿*E￿ ￿ ￿ 522￿’5W
￿*E￿ ￿ 5W
2￿Ø Khqfh e3oA :e 3oAW dqg {￿E5￿ : fØ Dq
dqdorjrxv dujxphqw vkrzv wkdw iru dq| srlqw E5￿c5 2￿ vxfk wkdw 5￿ ￿5 W
￿ dqg 52 ￿ ￿ 52 zkhuh
E5￿c ￿ 52￿ 5 gc zh dovr kdyh {￿E5￿ : fØ Khqfh {￿E5￿ : f iru doo 5￿ 9’ 5W
￿ zkhq 5 olhv zlwklq wkh
vkdghg uhjlrqv ghslfwhg lq Iljxuh 61
Qrz frqvlghu dq| 5 vxfk wkdw 5￿ ￿5 W
￿ dqg 52 : ￿ 52 zkhuh E5￿c ￿ 52￿ 5 gc vxfk dv srlqw 5 lq
Iljxuh 61 Iru dq| vxfk srlqw wkhuh h{lvw srlqwv 5￿ dqg 5￿￿ vxfk wkdw 5f ’ 5￿
f ’ 5￿￿
f/ E5￿
￿c5 2￿ 5 gc
dqg 5￿￿
￿ ’ 5W


















Vlqfh 5f lv frqvwdqw dw doo srlqwv rq wkh olqh frqqhfwlqj 5￿ wr 5￿￿c {￿E5￿ ghfuhdvhv prqrwrqlfdoo|
dv rqh pryhv dorqj wklv olqh iurp 5￿ wr 5￿￿Ø Vlqfh 5￿ 5 gc zh kdyh {￿ E5￿￿ : f dqg vlqfh
5￿￿
￿ ’ 5W
￿c zh kdyh {￿ E5￿￿￿’f Ø Khqfh {￿E5￿ : f iru doo 5 vdwlvi|lqj 5￿ ￿5 W
￿ dqg 52 : ￿ 52
zkhuh E5￿c ￿ 52c￿ ￿ 5￿ ￿ ￿ 52￿ 5 gØ Dq dqdorjrxv dujxphqw hvwdeolvkhv wkdw {￿E5￿ : f iru doo 5
vdwlvi|lqj 5￿ :5 W
￿ dqg 52 ￿ ￿ 52 zkhuh E5￿c ￿ 52￿ 5 gØ Khqfh {E5￿ : f iru doo 5 9’ 5W/ surylqj
wkdw 5W vdwlv?hv +6,1
Xqlqydgdelolw|
Frqvlghu d srsxodwlrq frpsrvlwlrq 5 ’ EE￿ ￿ #￿5Wc#￿ zkhuh wkh pxwdqw srsxodwlrq vkduh lv
# dqg wkh pxwdqw ghpdqg lv +* 5 ￿1 Zh frqvlghu wkuhh fdvhv lq wxuq1
Fdvh 4= Vxssrvh + 5 Efc￿ ￿ %￿1L qw k l vf d v he r w k+ dqg ￿ ￿ % duh frpsdwleoh zlwk doo
ghpdqgv dqg wkh pruh djjuhvvlyh ghpdqg ￿ ￿ % zloo |lhog d vwulfwo| juhdwhu sd|r> lq doo
lqwhudfwlrqv iru doo #1P r u h r y h u / w k h g l >huhqfh Z2 ￿ Z￿ lv erxqghg dzd| iurp }hur1 Vlqfh
*￿4#<f Zf ’ *￿4#<f Z￿ ’ *￿4#<f Z2c wkhuh h{lvwv 7 # vxfk wkdw Z￿ ￿ 4￿?iZfcZ￿cZ2j iru doo
#￿7 #1
57Fdvh 5= Vxssrvh wkdw + 5 E%c￿￿Ø Wklv lv wkh fdvh dqdo|}hg lq Ohppd 71 Dv vkrzq
wkhuh/ erwk djjuhvvlyh w|shv zloo eh lplwdwhg e| udwlrqdo sod|huv/ wkh sdvvlyh w|sh zloo qrw eh
lplwdwhg zkhq # lv vx!flhqwo| vpdoo/ dqg wkhuh duh qr lpphgldwh frqfhvvlrqv wr djjuhvvlyh
ghpdqgv1 Wkh h{shfwhg sd|r> wr d udwlrqdo sod|hu fkrrvlqj % dqg hqfrxqwhulqj ghpdqg %
lv ￿ ￿ %Ø Wklv pxvw dovr eh wkh sd|r> wr d sod|hu zkr frqfhghv zlwk suredelolw| 4 dw wlph
A￿￿ ’E ￿*L}R￿￿*b￿￿c vlqfh wklv dfwlrq lv lq wkh vxssruw ri wkh udwlrqdo sod|hu*v vwudwhj|1
Khqfh












zkhuh w￿￿ lv wkh sd|r> wr d ehkdylrudo w|sh zkr ghpdqgv % dqg frqiurqwv d udwlrqdo w|sh














Vlploduo|/ djdlqvw dq rssrqhqw ghpdqglqj %c d ehkdylrudo w|sh ghpdqglqj + kdv h{shfwhg
sd|r>








Z￿ ’E 5￿ n 5f>￿￿E￿￿ %￿ ￿ 5￿ E￿ ￿ %￿e
3oA￿￿ n #Z￿2 n 52%







































zklfk lv erxqghg dzd| iurp }hur1 Vlqfh *￿4#<f Zf ’ *￿4#<f Z￿ ’ *￿4#<f Z2c wkhuh h{lvwv 7 #
vxfk wkdw Z￿ ￿ 4￿?iZfcZ￿cZ2j iru doo #￿7 #1
Fdvh 6= Vxssrvh + 5 E￿ ￿ %c%￿Ø Wklv lv wkh fdvh h{dplqhg lq Ohppd 8/ iurp zklfk zh
nqrz wkdw ^￿￿ : fc> ￿ : f’>2 dqg *￿4#<f >￿ ’f Ø Xvlqj +45,/
*￿4
#<f




2 ’￿￿ % n2 0
*￿4















￿￿ ’ *￿4#<f ^￿￿1
Vxssrvh wkdw wkhuh h{lvwv ￿ # vxfk wkdw iru doo #￿￿ # zh kdyh >￿ ’f+wkh uhpdlqlqj fdvh
lv wuhdwhg ehorz,1 wkhq ^W
￿￿ ’ 5W
f*E￿ ￿ 5W
2￿ dqg wkh sd|r> wr wkh ehkdylrudo pxwdqw vdwlv?hv
*￿4
#<f




￿ E￿ ￿ %￿Ø
Vlqfh >￿ ’fzh pxvw kdyh *￿4#<f 4￿ Ø *￿4#<f 4￿ ’￿￿ % n2 01K h q f hw k hd e r y hl p s o l h v
*￿4
#<f
Z￿ Ø ￿ ￿ % n2 0 ￿ 5
W
￿ E￿ ￿ %￿
Iurp +43, zh kdyh 5W
￿ E￿ ￿ %￿’0eoA :0vr *￿4#<f Z￿ ￿ ￿ ￿ % n 0 ’ *￿4#<f Z￿Ø Pruhryhu/
vlqfh A lv ?qlwh *￿4#<f EZ￿ ￿ Z￿￿ lv erxqghg dzd| iurp }hur1 Vlqfh *￿4#<f Zf ’ *￿4#<f Z￿ ’
*￿4#<f Z2c wkhuh h{lvwv 7 # vxfk wkdw Z￿ ￿ 4￿?iZfcZ￿cZ2j iru doo #￿7 #1
Ilqdoo| frqvlghu wkh fdvh lq zklfk >￿ : f iru doo #:f1O h w￿ R￿ eh wkh suredelolw| wkdw
d sod|hu lv ehkdylrudo frqglwlrqdo rq wkh idfw wkdw vkh kdv fkrvhq % dqg kdv qrw frqfhghg
lpphgldwho| wr dq rssrqhqw fkrrvlqj +Ø Frqglwlrqdo rq khu rssrqhqw fkrrvlqj % dqg qrw
frqfhglqj lpphgldwho|/ wkh h{shfwhg sd|r> wr d udwlrqdo sod|hu fkrrvlqj + lv ￿ ￿ %Ø Wklv
l vw k hv d p hd vw k hs d | r > wr d sod|hu zkr frqfhghv zlwk suredelolw| 4 dw wkh wlph ￿ A zkhq
w k hr s s r q h q wl vu h y h d o h gw re he h k d y l r u d o /z k h u h￿ A ’E ￿*L} ￿ R￿￿*b￿￿Ø Ohw ￿ RW
￿ dqg ￿ A W ghqrwh
*￿4#<f ￿ R￿ dqg *￿4#<f ￿ A uhvshfwlyho|1 Khqfh




￿ E￿ ￿ %￿e
3o ￿ AW
zkhuh w￿￿ lv wkh sd|r> wr d sod|hu zkr frqfhghv zlwk suredelolw| 4 dw wkh wlph ￿ AW frqglwlrqdo
rq d pdwfk zlwk d udwlrqdo sod|hu1 D ehkdylrudo sod|hu fkrrvlqj +c frqglwlrqdo rq khu
rssrqhqw fkrrvlqj % dqg qrw frqfhglqj lpphgldwho|/ wkhuhiruh jhwv E￿ ￿ ￿ RW
￿￿w￿￿ ’￿￿ % ￿
￿ RW
￿ E￿ ￿ %￿e3o ￿ AWØ Lq doo rwkhu flufxpvwdqfhv wkh sd|r>v wr ehkdylrudo dqg udwlrqdo sod|huv
fkrrvlqj + duh lghqwlfdo1 Wkh sd|r> wr ehkdylrudo sod|huv wkhuhiruh vdwlv?hv
*￿4
#<fZ￿ ’ *￿4






￿ ￿ % ￿ ￿ R
W
￿ E￿ ￿ %￿e
3o ￿ AW￿
Vlqfh >￿ : f/z hk d y h*￿4#<f 4￿ ’ *￿4#<f 4￿ ’￿￿ % n2 01K h q f h
*￿4






￿ E￿ ￿ %￿e
3o ￿ AW
+46,
Zh fodlp wkdw E￿ ￿ 5W
2￿E￿￿ ^W
￿￿￿￿ RW
￿ E￿ ￿ %￿e3o ￿ AW :0 1 Wr vhh wklv/ uhfdoo iurp +43, wkdw 5W
￿E￿￿
%￿e3oA ’ 0Ø Khqfh lw lv vx!flhqw wr vkrz wkdw +l, e3o ￿ AW





￿Ø Iluvw zh suryh wkdw +l, krogv1 Uhfdoo wkdw ￿ A W ’E ￿*L} ￿ RW
￿￿*b￿￿ dqg A ’E ￿*L}R￿￿*b￿￿Ø
59Lw lv wulyldoo| wkh fdvh wkdw ￿ RW
￿ :R ￿ +vlqfh ehkdylrudo w|shv qhyhu frqfhgh, dqg +￿%






















Wkh h{suhvvlrq lq sduhqwkhvlv lv lqfuhdvlqj iru doo ^W
￿￿ 5 Efc5W
f￿ zlwk d plqlpxp ydoxh ri 41
Khqfh +ll, krogv/ zklfk suryhv wkh fodlp wkdw E￿ ￿ 5W
2￿E￿￿ ^W
￿￿￿￿ RW
￿ E￿ ￿ %￿e3o ￿ AW :0 1X v l q j
+46, wrjhwkhu zlwk wklv fodlp |lhogv *￿4#<f Z￿ ￿ ￿ ￿ % n 0 ’ *￿4#<f Z￿ iru doo ￿ ’f c￿c2Ø
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5:Uhihuhqfhv
^4‘ Deuhx/ G1 dqg I1 Jxo +5333,1 3Edujdlqlqj dqg Uhsxwdwlrq14 Hfrqrphwulfd 9;= ;8844:1
^5‘ Edqhumhh/ D1Y1 dqg M1Z1 Zhlexoo +4<<8,1 3Hyroxwlrqdu| Vhohfwlrq dqg Udwlrqdo Ehkdy0
lru14 Lq D Nlupdq dqg P1 Vdoprq/ hgv1/ Ohduqlqj dqg Udwlrqdolw| lq Hfrqrplfv1 R{irug=
Eodfnzhoo1
^6‘ Frqolvn/ M1 +4<;3,1 3Frvwo| Rswlpl}huv Yhuvxv Fkhds Lplwdwruv14 Mrxuqdo ri Hfrqrplf
Ehkdylru dqg Rujdql}dwlrq 4= 5:88<61
^7‘ Ghnho/ H1 dqg V1 Vfrwfkphu +4<<5,1 3Rq wkh Hyroxwlrq ri Rswlpl}lqj Ehkdylru14 Mrxuqdo
ri Hfrqrplf Wkhru| 8:= 6<587391
^8‘ Ixghqehuj/ G1 dqg H1 Pdvnlq +4<;9,1 Wkh Iron Wkhruhp lq Uhshdwhg Jdphv zlwk
Glvfrxqwlqj dqg zlwk Lqfrpsohwh Lqirupdwlrq1 Hfrqrphwulfd 87/ 86688871
^9‘ Kriedxhu/ M1 dqg N1 Vljpxqg +4<;;,1 Wkh Wkhru| ri Hyroxwlrq dqg G|qdplfdo V|vwhpv1
Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1
^:‘ Jxwwpdq M1P1 +4<<9,1 3Udwlrqdo Dfwruv/ Wlw0iru0wdw W|shv/ dqg wkh Hyroxwlrq ri Frrs0
hudwlrq14 Mrxuqdo ri Hfrqrplf Ehkdylru dqg Rujdql}dwlrq 5<= 5:8891
^;‘ Nuhsv/ G1P1/ S1 Plojurp/ M1 Urehuwv dqg U1 Zlovrq +4<;5,1 3Udwlrqdo Frrshudwlrq lq
wkh Ilqlwho| Uhshdwhg Sulvrqhuv* Glohppd14 Mrxuqdo ri Hfrqrplf Wkhru| 5:= 57885851
^<‘ Nuhsv/ G1P1 dqg U1 Zlovrq +4<;5,1 3Uhsxwdwlrq dqg Lpshuihfw Lqirupdwlrq14 Mrxuqdo
ri Hfrqrplf Wkhru| 5:= 58685:<1
^43‘ Pd|qdug Vplwk/ M1 dqg J1U1 Sulfh +4<:6,1 3Wkh Orjlf ri Dqlpdo Frq lfw14 Qdwxuh 579=
4884;1
^44‘ PfHoyh|/ U1G1 dqg W1U1 Sdoiuh| +4<<5,1 3Dq H{shulphqwdo Vwxg| ri wkh Fhqwlshgh
Jdph14 Hfrqrphwulfd 93= ;368;691
^45‘ Plojurp/ S1 dqg M1 Urehuwv +4<;5,1 3Suhgdwlrq/ Uhsxwdwlrq/ dqg Hqwu| Ghwhuuhqfh14
Mrxuqdo ri Hfrqrplf Wkhru| 5:= 5;386451
^46‘ Vlprq/ K1D1 +4<:;,1 3Udwlrqdolw| dv Surfhvv dqg Surgxfw ri Wkrxjkw14 Dphulfdq Hfr0
qrplf Uhylhz 9;= 48491
5;^47‘ Vwdko/ G1R1 +4<<6,1 3Hyroxwlrq ri Vpduw? Sod|huv41 Jdphv dqg Hfrqrplf Ehkdylru 8=
93784:1
5<